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SECTION  I 


INTRODUCTION 


The  SCORPIO-N  computer  program  has  been  developed  by  the  General  Electric 
Company  to  predict  the  infrared  radiation  emitted  by  turbojet-, turboshaft-, 
or  turbofan-propelled  aircraft  at  the  source  and  as  intercepted  by  the  observer 
(whether  a  missile  or  a  measuring  instrument).  In  addition,  this  program 
can  compute  the  lock-on  ranges  for  specified  missiles  to  assess  the  vulner¬ 
ability  of  the  aircraft  at  any  flight  condition  and  from  any  elevation  or 
aspect  angle.  Infrared  radiation  can  be  evaluated  for  any  wavelength  region 
between  1  and  20vim. 

A.  Background 

~  Current  infr ared-guided  missiles  can  detect  and  destroy  aircraft  from 
relatively  long  distances.  Future  IR  missiles  will  be  even  more  sensitive  and 
destructive.  The  engine  designer  must  select  cycles  and  engine  configura¬ 
tions  that  present  as  small  a  target  as  possible  to  these  missile  threats. 

To  accomplish  this,  he  must  know  the  IR  emissions  from  the  aircraft  and  be 
able  to  judge  the  success  of  schemes  to  suppress  these  emissions. 

Measurements  are  invaluable  in  determining  the  IR  emissions  for  selected 
aircraft  situations  but  cannot  possibly  be  made  for  all  aircraft  and  for  all 
situations.  This  is  obviously  true  in  the  engine  design  phase.  In  addition, 
understanding  of  the  fundamental  sources  of  these  emissions  is  essential  to 
t'.a  invention  or  evaluation  of  new  suppression  concepts.  An  accurate  predic¬ 
tion  tool,  therefore,  is  vital  to  the  process  of  reducing,  the  vulnerability 
of  an  aircraft  to  IR-guided  missiles. 

As  a  supplier  of  jet  engines  for  military  aircraft,  the  General  Electric 
Company  has  developed  a  series  of  computer  programs  to  predict  the  IR  signa¬ 
tures  and  vulnerability  of  IR-guided  missiles.  The  SCORPIO-N  computer  pro¬ 
gram  presented  in  this  report  is  the  latest  in  the  series.  It  is  an  out¬ 
growth  of  the  SCORPIO-IIIA  program  (Reference  1)  and  the  SPRITE  program 
(Reference  2)  with  improvements  to  the  plume  module  which  permit  studies  of 
truly  three-dimensional  flow  fields. 

B.  Problem  Statement 

\ 

The  evaluation  of  instantaneous  vulnerability  of  a  particular  jet- 
powered  aircraft  to  a  particular  missile  is  the  problem  SCORPIO-N  attempts 
to  solve.  The  solution  conveniently  divides\into  six  separate  problem  areas. 

1.  Emissions  from  the  internal  hot  part d  of  the  jet  engine. 

2.  Definition  and  distribution  of  the  flow' field  parameters. 


1 


3.  Evaluation  of  gaseous  emission  and  transmission  including 
atmospheric  effects. 

4.  Airframe  contributions  including  emissions,  and  installation 
effects . 

5.  Combination  of  the  results  of  the  preceding  four  areas. 

6.  Missile  characteristics  to  evaluate  the  range  at  which  a 
missile  can  discriminate  the  target  from  the  background. 

Each  of  these  problem  areas  is  summarized  in  the  following  paragraphs. 

1 .  Internal  Engine  Emissions 

The  spectral  IR  emission,  J,  from  a  solid  surface,  S,  is  obtained  at  a 
uniform  temperature  Ts ,  using  Planck's  Law  as: 


-  AS  fi/^2/  *-1)  «> 

=  76805.4  watts-vA/sr/in.2 

=  2.5884  x  10*  micr°nS  "  °  R 

=  wavelength  (microns) 

=  surface  area  (in.^) 

=  surface  spectral  emissivity 

=  surface  temperature,  0  R 
=  spectral  emission 

AS 

The  total  radiation  (or  radiosity)  seen  by  an  observer  from  a  surface 
consists  not  only  of  the  direct  emissions,  but  also  consists  of  the  reflec¬ 
tions  of  emittances  from  all  other  engine  surfaces  which  leave  the  given 
surface. 

Therefore,  the  ingredients  entering  into  the  evaluation  of  the  radiant 
emissions  from  the  interior  engine  surface  are  the  temperatures,  the  emis- 
sivities  and  reflectivities,  the  projected  areas,  and  the  interchange  factors 
between  each  pair  of  surfaces. 


where 

Cl 

c2 

X 

^s 

Jx 

TS 

J. 
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a.  Temperatures 

Temperatures  can  be  measured,  estimated,  or  calculated  using  basic  beat- 
transfer  relationships.  Since  radiation  depends  on  temperature  exponentially, 
each  temperature  difference  of  50°  F  or  more  typically  is  respresented  by  a 
different  surface.  In  normal  jet  engine  applications,  this  would  result  in 
at  least  20  different  surface  temperatures. 

If  the  temperatures  are  calculated,  the  basic  modes  of  heat  transfer  to 
be  considered  are  conduction,  convection,  radiation,  and  transpiration. 

b.  Geometry 

The  geometry  can  be  represented  by  tabled  projected  areas  of  given  tem¬ 
perature  and  emissivity  located  and  oriented  with  respect  to  the  observer. 

The  view  factors  of  each  surface  to  every  other  surface  also  can  be  tabled 
into  the  program  along  with  the  projected  areas  and  emissivities  in  order 
that  diffuse  reflections  can  be  included  in  the  total  radiation. 

A  higher  order  of  complexity  is  to  specify  axisymmetric  geometries  and 
permit  the  program  to  calculate  view  factors  and  projected  areas.  These 
capabilities  are  available  in  SCORPIO-N.  The  calculations  for  nonsymmetric 
configurations  are  not  included. 

c.  Reflectivities 


The  reflection  of  radiant  intensity  at  a  surface  can  be  a  function  of 
either  specular  or  diffuse  absorption  and  of  specular  or  diffuse  reflection, 
the  angle  of  incidence,  the  wavelengths,  and  the  surface  temperatures.  The 
surface  of  jet  engines,  in  general,  tend  to  be  diffuse  absorbers  and  reflec¬ 
tors  to  the  first  order  of  approximation  for  reflections.  This  is  the  only 
kind  of  reflection  considered  in  SCORPIO-N.  Both  reflectivity  and  emissivity, 
however,  are  permitted  to  vary  with  wavelength. 

2.  Flow  Field  Definition 


a.  Calculations 


Flow  fields,  in  practice,  are  three-dimensional  in  nature,  influenced  by 
nonaxial  mounting,  tapered  installations  (boattails),  nonuniform  exit  con¬ 
ditions,  crosswinds,  shocks,  and  possibly  other  forces  such  as  incomplete 
combustion.  ^11  of  these  complications  have  not  as  yet  been  solved 
analyt ical ly . 

The  current  analytical  program  solves  a  nonuniform  axially  symmetric 
flowfield  with  external  flow.  The  analysis  contains  the  usual  axial  monen- 
tum,  energy,  and  diffusion  conservation  equations:  and,  in  addition,  the  con¬ 
servation  of  turbulent  kinetic  energy  and  conservation  of  tangential  monentum. 
This  results  in  a  higher  order  of  accuracy  than  the  simpler  viscosity  model 
techniques . 
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b. 


Tabulated  Input. 


SCORPIO-N  accepts  tabulated  input  for  either  (1)  2-dimensional  axisym- 
metric  flow  with  temperature  and  concentrations  as  functions  of  radius  at 
each  axial  location  or,  (2)  3-dimensional  flows  with  or  without  axes  or  sym¬ 
metry  where  the  temperature  is  input  as  a  function  of  location  and  concentra¬ 
tions  are  calculated  from  the  temperature  and  the  fuel-air  ratio. 

3 .  Gaseous  Plume  Emissions/Absorption 

Unlike  the  continuous  emission-spectrum  characteristics  of  solids,  the 
emission  and  absorption  from  gases  occurs  in  discrete  lines  that  depend  on 
the  local  thermodynamic  and  molecular  properties  of  the  gas.  Band  models, 
strengths  and  distributions  for  IR  active  constituents  both  in  the  plume  and 
in  the  atmosphere.  The  band  models  deal  only  with  homogeneous  gases,  so  an 
additional  complexity  is  present  for  the  nonhomogeneous  paths  that  occur 
through  the  plume  and  atmosphere  to  the  observer. 

After  suitable  analysis  the  resultant  spectral  transmissivity  of  a  homo¬ 
geneous  gas  often  takes  the  form: 

T*  =  exp  [-  |  X//  +(^)x]  (2) 

where , 

S  =  the  average  line  strength 
d  =  the  line  spacing 
y  =  related  half-width 
X  =  the  optical  depth 

For  weak  lines  or  for  thin  path  lengths: 

-  X  <<  1  and 

y 

n  Z  exp  (-  |  X  ) 

In  this  instance,  the  logarithms  of  the  transmissivities  of  two  neigh¬ 
boring  paths  of  gas  are  additive,  and  the  problem  of  a  nonhomogeneous  medium 
(or  a  plume  as  seen  through  the  atmosphere)  becomes  relatively  simple  to 
evaluate.  More  often  than  not,  the  term  SX/y  is  quite  large,  especially  for 
CO2  in  a  plume  or  at  long  distance  in  the  atmosphere:  more  elaborate  methods 
must  be  devised  than  merely  multiplying  transmissivities  together. 
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It  is  necessary  to  invoke  the  complete  transfer  equation: 

L  N 

Ja  V  NbA  <T>dT  “  2  Nbx  (Ti)  AtAi  (3) 

0  i=l 

wtiere , 

=  spectral  radiant  intensity 

=  blackbody  spectral  radiance  at  temperature,  T 

The  extinction  coefficients  due  to  particles  in  the  flow  are  also  in¬ 
cluded  in  the  transmiss iv; ty  calculation.  The  transmissivity  over  a  long  path 
can  then  be  evaluated  from  the  averaged  line  properties  along  the  path  in  a 
manner  similar  to  the  Curt is-Godson  approximation. 

CO  and  scattering  by  atmospheric  particles  must  be  included  to  properly 
assess  the  plume  emissions.  Since  the  hotter  gases  of  the  plume  absorb  over 
a  wider  band  than  those  of  the  cooler  atmosphere,  the  transmission  of  inter¬ 
nal  hot  parts  radiation  must  be  related  to  the  plume  characteristics  as  well 
as  to  the  atmosphere. 

4.  Airframe 

The  airframe  itself  emits  radiation  can  can  be  a  major  contributor  to  the 
target  signal  -  especially  from  the  forward  hemisphere.  The  emissions  from 
the  airframe  are  at  a  lower  temperature  but  cover  a  much  larger  area  than 
engine  emissions.  In  addition  to  the  direct  emissions,  the  airframe  can  affect 
the  IR  by  blocking  the  view  of  the  plume  and/or  engine  at  certain  aspect  angles. 
In  the  lower  wavelength  bands,  reflections  from  the  sun  (sun-glint)  often  will 
supersede  all  other  contributors.  When  viewed  from  above,  the  earth  shine  may 
predominate,  particularly  in  regions  of  atmospheric  windows.  Because  of  the 
large  surface  areas,  reflections  of  the  plume  off  the  airframe  also  may  be 
significant.  Only  the  emissions  and  blockage  are  considered  in  SCORPIO-N. 

5.  Totalling 

The  totalling  of  ail  sources  of  radiation  is  complicated  by  the  inter¬ 
actions  of  the  different  parts:  the  blockage  of  the  plume  by  the  airframe, 
the  obscurance  of  the  airframe  and  engine  hot  parts  by  the  plume,  the  exis¬ 
tence  of  more  than  one  olume  engine  on  an  airframe,  the  obscurance  of  one 
plume  by  another,  the  mixing  of  two  plumes,  the  influence  of  eddies  or  shock 
off  the  airframe  on  the  plumes,  the  effects  of  external  flows  when  the  engine 
axis  does  not  lie  in  the  flight  direction,  and  the  nonaxial  flows  resulting 
from  noncyl indrical  surfaces  (external  boattail,  internal  expanding  flow) 
which  promote  additional  mixing.  SCORPIO-N  considers  only  blockage  by  the 
airframe  and  obscurance  by  the  plume  at  all  aspect  angles  and  plume-through- 
plume  obscurance  at  near-horizontal  viewing  angles. 
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6. 


Missile  Characteristics 


When  a  missile  receives  target  radiation,  it  must  be  processed  inter¬ 
nally.  The  resultant  signal  must  be  large  enough  to  overcome  the  internal 
noise  of  the  system  and  to  discriminate  such  noise  from  background- induced 
signals.  The  sensitivity  of  the  missile  optics  to  the  wavelength  of  the 
incoming  emission  also  must  be  factored  in.  Knowledge  of  the  scanning 
method  used  in  the  design  of  the  missile  detection  systems  is  necessary  to 
determine  the  abil’ty  of  a  missile  to  obtain  and  maintain  target  lockon. 

This  ability  also  is  a  function  of  the  relative  velocities  and  direction  of 
the  missile  and  target.  SCORPIO-N  takes  a  simplified  approach  to  the  missile 
target  interrelation  as  a  first  step  in  the  problem  solution.  It  assumes  that 
all  of  the  missile  parameters  are  known  input  and  computes  a  lock-on  range  for 
a  minimum  and  maximum  signal-to-noise  ratio.  The  effective  radiations  for  at 
least  two  distances  must  have  been  calculated  for  each  angle  at  which  lockon 
is  required.  The  resolution  of  the  missile  optics  (or  measurement  instru¬ 
ment)  is  not  factored  into  the  spectral  results. 

C.  SCORPIO-N  Structure 

1 .  Discussion 

The  calculation  of  an  aircraft  signature  and  its  vulnerability  logically 
subdivides  into  sections  according  to  the  problem  areas  (or  functions 
described  above): 

•  The  hot-parts  emissions/reflections 

•  The  flow  field  parameter  distribution 

•  The  plume  emission/ transmission  properties 

•  The  airframe  emissions  and  obstructions 

•  The  totalling  of  the  many  sources  of  emissions 

•  The  lock-on  calculation 

Programs  have  been  developed  independently  by  various  organizations  to 
solve  each  of  these  problem  areas.  From  these,  selected  programs  have  been 
modified  to  form  modules  of  the  SCORPIO-N  system.  These  modules  are  almost 
independent,  related  only  by  an  input/output  problem  file.  One  additional 
module  of  the  SCORPIO-N  system  manipulates  the  input/output  files  and 
stores  data  common  to  more  than  one  module. 

Since  the  modules  are  independent,  only  one  need  be  in  memory  at  a 
time.  The  modules,  therefore,  are  overlaid  as  shown  in  Figure  1. 
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JETMIX 
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(3,  0) 
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(4,  0) 
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(4,  1) 
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(4,  2) 

LINKT 
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NVIEW 

(4,  4) 

TOP 

(4,  5) 

REDEYE 

(5,  0) 

PLUM I R 

(6,  0) 

AMFTW 

(6,  1) 

SHADIN 

(6,  2) 

CALC 

(6,  3) 

PLOT 

(7,  0) 

BBODY 

(10,  0) 

TOTALR 

(10,  1) 

PLUM 

(10,  2) 

ENGIN 

(11,  0) 

LOCKON 

(11,  1) 

B1 

(11,  2) 

B2 

(11,  3) 

B3 

(11,  4) 

B4 

(11,  5) 

B5 

(12,  0) 

CWFLO 

Figure  1.  Overlay  Structure. 


2 .  Module  Descriptions 

A  brief  discussion  of  the  modules  and  their  functions  follows.  The 
output  records  are  ordered  by  a  function  number  (or  route  number).  The 
discussions  will  be  sequenced  according  to  these  route  numbers. 

Route  1  -  UPDATE  Module 

General  information  necessary  to  more  than  one  module  is  input  in  this 
overlay.  Only  the  flow  field  modules  can  be  run  independently  of  this  module. 
The  data  entered  in  UPDATE  and  the  route  numbers  for  which  these  data  must  be 
supplied  are  listed  in  Table  1. 


Table  1.  Use  of  Data  by  Routes 


Data 

Used 

by  Routes 

Wavelength  Intervals 

3, 

4,  6,  7 

Engine  Schematic 

2, 

4,  6 

Flight  Velocity 

2, 

7 

Atmospheric  Conditions 

2, 

4 

Elevation  Angle 

5 

Flow  Field  Schematic 

5 

Route  2 


The  flow  field  is  provided  to  the  other  routines  via  Route  2.  There 
are  three  different  modules  performing  this  function,  and  they  are  specified 
by  NTYP . 

1)  NTYP  =  1  JETM1X  Module 

The  flow  field  parameters  for  axisymmetric  flows  are  calculated  from  the 
input  at  the  nozzle  exit  plane  to  a  specified  downstream  location. 

INLINK  -  reads  and  processes  the  input 

CPLINK  -  calculates  the  flow  field  parameters 

TBLINK  -  tables  the  flow  field  for  use  in  Route  4  and  stores  a 
schematic  definition  for  use  in  Routes  4  and  5 
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2)  NYTP  ■  2  FLOTAB  Module 

Axisymmetric  flow  field  parameters  are  read  in  tabular  form  and  stored 
for  use  in  Route  4;  a  schematic  definition  is  stores  for  Routes  4  and  5. 

3)  NYTP  =  3  CWFLO  Module 

Three-dimensional  flow  field  parameters  are  read  in  tabular  form  and 
stored  for  use  in  Route  4.  NOTE:  The  plume  schematic  is  not  provided  from 
this  module.  It  must  be  obtained  from  Route  4  or  input  in  Route  1  or 
Route  4. 

Route  3  -  SIGNIR  Module 

Internal  exhaust  system  emissions  are  evaluated  in  this  overlay.  As  a 
part  of  this,  view  factors  may  be  input  or  calculated  from  geometry  inputs; 
temperatures  may  be  input  or  calculated  from  basic-heat  transfer  information; 
projected  areas  may  be  calculated  or  input;  and,  source  emissions  may  be 
calculated  and  printed  out. 

Route  4  -  PLUMIR  Module 

Plume  emissions,  as  attenuated  by  the  plume  and  atmosphere,  and  trans¬ 
missivity  of  the  plume/ atmosphere  are  calculated  spectrally  over  the  pre¬ 
viously  specified  wavelength  bands.  Calculations  are  performed  along  a  number 
of  rays  emanating  from  specified  observer  locations. 

Route  5 


The  airframe  emissions  and  obstructions  defined  in  Route  5  are  of  two  types: 

1)  NYTP  =  1  AMFM  Module 

The  coordinates  of  a  multifaceted  model  of  the  airframe  are  input.  The 
projected  areas  and  obstructions  are  tabled  output  for  each  observer  angle. 
Alternatively,  the  airframe  can  be  plotted  at  any  aspect  or  elevation  angle. 

2)  NTYP  =  2  BBODY  Module 

The  resultant  area  temperature  tables  representing  the  airframe  may  be 
input  directly  for  each  aspect  angle. 

Route  6  -  TOTALR  Module 

The  totalling  in  this  module  consists  of  combining  the  results  of  Routes 
3,  4,  and  5  and  integrating  over  the  specified  wavelength  bands  to  provide 
band  total  emissions.  The  totalling  may  be  of  three  types: 

1)  NTYP  =  1  integrate  plume  only 

2)  NTYP  =  2  add  engine  hot  parts  to  plume  totals 

3)  NTYP  ~  3  integrate  for  airframe,  plus  plume,  plus  engine. 
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Route  7  -  LOCK-ON  Module 


Spectral  output  from  Route  6  is  modified  by  missile  sensitivities  and 
background  specifications.  The  lock-on  ranges  for  the  specified  missiles 
then  are  calculated. 

The  particular  angles  and  wavelengths  used  in  the  various  modules  may 
differ  in  order  to  include  the  variations  and  yet  maintain  maximum  efficienc 
For  this  reason,  in  combining  the  results  from  the  different  modules,  linear 
interpolations  are  made  freely,  but  extrapolations  usually  are  prohibited. 

D.  Introduction  to  Analysis 

Certain  of  the  modules  included  in  SCORPIO-N  required  intensive  theoret 
cal  derivations  that  were  beyond  the  scope  of  the  presentations  in  Volume  I 
User  Manual  or  Volume  II  -  Programmers  Manual  (References  1  and  2).  It  is 
the  purpose  of  this  manual  to  provide  this  background  analysis  and  some 
associated  verification  of  the  analytical  techniques.  The  analysis  will  in¬ 
clude  atmospheric  properties,  flow-field  mixing  phenomena,  hot  parts  cooling 
and  viewfactor  calculations,  gaseous  transmission  model  development  and 
blockage  considerations  for  the  engine  and  plume. 


SECTION  II 


ATMOSPHERIC  CONDITIONS 


During  the  course  of  calculating  infrared  spectral  transmission  values, 
it  becomes  clear  that  some  means  is  needed  to  obtain  atmospheric  conditions 
quickly.  The  main  factors  in  atmospheric  infrared  attenuation  are  absorption 
by  water  vapor,  carbon  dioxide,  ozone,  and  scattering  by  airborne  particles. 
The  water  vapor  content  of  the  atmosphere  is  weather-dependent.  Thus,  either 
the  amount  of  water  vapor  between  the  target  and  observer  (the  optical  thick¬ 
ness)  must  be  known  for  a  particular  problem  or  average-weather  and  relative- 
humidity  assumptions  must  be  made.  The  carbon  dioxide  content  of  the  atmos¬ 
phere  is  taken  to  be  3.3  x  10"^  parts  per  unit  volume  of  air.  The  ozone 
content  of  the  atmosphere  is  neglected. 


From  Reference  3,  the  scattering  coefficients  of  transmission  is  calcu¬ 
lated  as  a  function  of  wavelength,  range,  and  visibility: 


-  3.91 


.91  /  _X \  *' 

V  {  0.55  ) 


where , 


TsX  ■  Transmissivity  due  to  scattering  at  wavelength  X 
V  “  Visibility  (kilometers) 

q  =  0.585  V1/3 


X  =  Wavelength  (microns) 

VR  ■  Range  (kilometers) 

The  properties  of  the  atmosphere  are  tabled  as  a  function  of  distance 
from  the  target  for  a  standard  atmosphere  assumed  according  to  Table  3. 

The  Molal  humidity  then  is  determined  from: 

M  -  Pv/Pa  *  Pv/(Pt~pv) 


II 


rrr"“' 


Table  2.  Atmospheric  Temper ature  . 


Altitude 

Temperature 

(km) 

C  R) 

Troposphere 

0-11 

_  „  72h 

T "  Tg  -  ir 

Stratosphere 

11-25 

T  =  Tg  -  72 

Ionisphere 

25-48 

T  =  Tg  =  72  (1  -  ) 

48- 

Tg  =  Ground  temperature,  °  R 
h  =  Altitude,  km 
P  =  exp  (1  -  h/8)  pressure,  atms 


The  pressure  of  saturated  vapor  at  dry  bulb  temperature  can  be  found 
from  the  following  table. 


Table  3.  Saturated  Water  Vapor  Pressure. 


TL(°  C) 

Pd  (atmos) 

TL(°  C) 

Pd  (atmo: 

-80 

0.531E-6 

0 

6.107E-3 

-70 

2.577E-6 

10 

1.228E-2 

-60 

1.076E-5 

20 

2.338E-2 

-50 

3.947E-5 

30 

4.243E-2 

-40 

1.292E-4 

40 

7.377E-2 

-30 

3.827E-4 

50 

1.234E-1 

-20 

1.039E-3 

60 

1.922E-1 

-10 

2.865E-3 

— 

— 

The  water  vapor  pressure  Pv,  then  is  given  by: 


rh  *  PD 


where  r^  is  the  relative  humidity. 
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SECTION  III 

FLOWFIELD  MODULE  ANALYSIS  (JETMIX) 


A.  Discussion 


The  distribution  of  temperature,  pressure,  and  concentration  of  IR  ac¬ 
tive  constituents  in  the  plume  flow  field  is  needed  as  input  to  calculate 
plume  emissions  or  transmissivity.  Either  these  parameters  can  be  calculated 
within  the  SCORPIO-N  program  or  data  obtained  from  measurements  or  estimates 
can  be  tabled  indirectly. 

The  calculations,  performed  in  the  JETMIX  module  of  SCORPIO-N,  are 
axisymmetric  or  plane  symmetric  only.  They  do,  however,  consider  effects  of 
coannular  flow,  external  flow,  turbulent  kinetic  energy,  and  swirl. 

SCORPIO-calculated  flow  fields  are  plane  or  axisymmetric  turbulent  jets 
exhausting  into  regions  of  constant  or  variable  pressure.  The  constant 
pressure  problems  are  referred  to  as  "free"  jets  and  are  used  to  determine 
the  parameter  distributions  in  an  external  flew.  The  variable  pressure  pro¬ 
blem  is  referred  to  as  "confined  mixing"  and  pertains  to  coannular  flows 
internal  to  the  exhaust  system. 

Free  mixing  can  be  calculated  for  a  single  jet,  Figure  2a,  with  or  with¬ 
out  swirl,  with  uniform  or  nonumiform  radial  profiles  at  the  exit  plane,  or 
for  two  coannular  jets,  Figure  2b,  with  external  flow,  uniform  profiles,  and 
no  swirl.  The  confined  mixing  problem,  Figure  2c,  includes  specification  of 
a  centerbody  and  an  outer  boundary.  The  free  jet  problem  with  a  centerbody 
(extended  plug)  is  approximated  as  a  confined  flow  problem  with  a  far-reiuoved 
outer  boundary. 

The  calculation  model  solves  the  conservative  equations  of  continuity, 
energy,  axial  and  tangential  momentum,  turbulent  kinetic  energy,  and  dif¬ 
fusion  of  species  for  a  compressible  turbulent  jet.  The  differential  equa¬ 
tions  are  solved  using  finite  difference  techniques.  The  detailed  analysis 
fo llows . 

B .  Analysis 

l .  Governing  Equations 

The  dependent  variables  of  interest  in  the  mixing  problem  are  the  stream- 
wise  velocity  (u),  the  transverse  velocity  (w),  the  static  temperature  (T), 
the  turbulence  energy  (e),  and  the  constituent  mole  fractions  (a).  If 
transverse  gradients  are  large  with  respect  to  streamwise  gradients,  the 
equations  of  motion  describing  the  turbulent  flow  field  may  be  reduced  to 
boundary  layer  form.  The  governing  equations  for  compressible  turbulent 
plane  or  axisymmetric  swirling  jets  are: 
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B.  Dual  Jets 


Figure  2.  Schematic  Diagram  of  Jet  Flowfields. 
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Co nservation  of  Species 


J_  3 

ye 


/M^_ye 

V  Sie 


(7) 


The  applicable  boundary  conditions  are: 

0: 

w  =  0  (symmetry)  (8) 

the  jet  or  y  =  dp: 

(9) 


The  system  of  equations  presented  above  is  not  closed.  There  are  10 
unknowns  (u,  v,  w,  Trx,  tre,  P>  p>  e,  T,  and  at)  and  8  equations  including 
the  equation  of  state.  Therefore,  2  more  auxiliary  equations  relating  to  the 
shear  stress  Trx  and  tr0  to  the  mean  characteristics  of  flow  are  introduced. 


on  the  jet  axis  or  y  = 


3u  _  3g  _  ®T  _  3a i 

3  y  3  y  3  y  3  y 


and  on  the  boundary  of 
u  =  u.,  w  =  0 


T  =  T„ 


P  =  Pe 


T  - j r-  3  u 

yx  =  v  =  11  17 

3 

t  =  -Pv'w'  =  U  r  •  —  (w/r) 

re  3, 


(10) 


The  molecular  contribution  to  shear  stress  is  so  small,  compared  to 
apparent  (or  Reynolds)  stress,  it  may  be  neglected. 

Thus,  we  have 


T 

y* 


-pu 


3u 
Me  3y 


Tr  e  =  -pu'w' 


(w/r) 


(ID 


where  Ue  and  yre,  the  effective  viscosities,  analogous  to  molecular 
viscosity  in  laminar  flow  are  defined  empirically. 
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The  governing  equations  (11)  may  be  cast  in  a  more  convenient  form  by 
nondimensionaUzmg  with  respect  to  the  primary  jet  diameter  and  the  discharge 
flow  field  variables  up,  ep,  Tp.  The  requisite  relations  are: 

X  >4  ,  y  -  iy  „  2R 

dP  dp  dp 


U  =  T7~*  V  "  77~>  ® 


Y~,  W  *  i- 
TP  UP 


Substitution. into  equations  1  to  7  yields: 
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Species  Continuity 
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Energy 


,U  il  +  2  (0V) 


3X 


3* 


CpUpdpYE 


.  uCdpepED  20Up2  VW2  ^e 

VpV?  8cJCpTp  Y 


UpdpM 


1!  \  +  | 

(  U 

\  jPex 

3  Y/  ' 

^  JCpTp 

/  3X 

Cpj 

3q  j 

36 

'  si 
le 

3Y 

3  Y 

(19) 


The  boundary  conditions  become: 


@Y  =  0 
@Y  ♦  Yex 


3U  _  3 E 

3  Y 

3  Y 

U  * 

^ex 

E  ♦ 

®ex 

8  - 

6ex 

3  Y 


=  W  =  0 


(20) 


<*i 


<*i  ex 


W  *  0 


These  equations  (13  to  19)  are  quasi 
coupled.  A  simple  quick  forward  marching 
and  Patanker  has  been  used  to  solve  the  s 
system  in  streamline  coordinates.  The  ma 
the  choice  of  the  grid,  which  adjusts  its 
step  so  as  to  conform  to  the  thickness  of 
variations  are  occurring.  This  method  is 
stable,  accurate,  and  economical.  This  i 
in  the  field  and  is  well-documented. 


linear,  parabolic,  and  strongly 
numerical  technique  due  to  Spalding 
ystem.  This  technique  solves  the 
in  novelty  of  this  method  lies  in 
width  automatically  at  each  forward 
the  mixing  layer  in  which  significant 
a  fully  implicit  one,  completely 
s  one  of  the  widely  used  techniques 


2.  Transformation  to  Von  Mises  Coordinates 


The  continuity  equation  (13)  may  be  identically  satisfied  by  introduction 
of  the  stream  function  .  Define  a  modified  stream  function  satisfying  con¬ 
tinuity  as  follows. 


e<n‘  -eVYC 


(21) 


3Y 


3X 


Introduce  the  following  new  variables 
C  -  c(x),  C  =  X 
ii  *  *(X,Y) 

Then,  using  the  chain  rule,  the  following  operators  may  be  defined: 

J_  »  it  i_  +  ii  i_  =  1_  _  (nV)  Ye  a_ 
ax  ax  ax  ac  ac  lp  ;  Y  3l() 


aY  3  Y  3 {  aY  34,  2  34, 

Using  these  relations  in  equations  13-19  results  in  the  final  set  of  dif¬ 
ferential  equations: 
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Turbulent  Kinetic  Energy 
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Energy 
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Boundary  Conditions 

Taking  the  lower  boundary  as  the  zero  streamline  (t  =  0)  the  boundary 
conditions  become: 


au 

3E  _ 
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(29) 


6  =  0ex 

ai  =  aiex 
W  =  0 


The  physical  coordinate  Y  may  be  recovered  by  integration  of  the  equation 
for  a  stream  function  from  t  '  0  to  a  given  streamline. 


— 

pu 


(30) 


The  effective  "outer  edge"  of  the  jet  may  be  taken  as  the  streamline 
where  the  maximum  velocity  difference  across  the  jet  is  approached  to  a  speci¬ 
fic  fractional  degree. 
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The  equations  (23)  to  (24)  in  the  Von  Mises  Coordinate  system  are  all  of 
the  general  diffusion  equation  form. 
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3  F 
3  X 


1_  (fs  11) 

3*  VP3i|i 


3F 
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+  n  ~  ♦  6F  +  Y 


(31) 


where  e,  a,  8,  n>  5  and  y  are  distinct  for  each  conservation  equation 
The  coefficients  in  equation  (31)  are  obtained  by  comparing  each  term  in 
equation  (31)  to  the  corresponding  one  in  each  of  equations  (23  to  28). 
See  Table  4. 


3.  Numerical  Technique 

The  differential  equations  (23-28)  are  coupled  principally  through  the 
normal  derivative  terms,  and  are  of  such  a  nature  that  a  sequential  solution 
technique  may  be  utilized  as  opposed  to  direct  simultaneous  integration. 

The  initial  specific  procedure  is  to  solve  the  X-momentum  equation  for  U  and 
3U/3il>.  Using  this,  solve  the  tangential  momentum  for  W.  Then  integrate  the 
turbulent  kinetic  energy  equation  for  E  and  3E/34*.  Finally,  the  energy 
equation  may  be  solved  for  9  using  the  results  of  the  preceding  solutions. 

An  implicit  finite  difference  procedure  employing  the  Thomas  algorithm 
is  utilized  to  effect  the  solution.  Consider  a  grid  network  as  shown  in  the 
following  sketch. 


Ai 

r 

2 

m,  n+1 

ttri-1 ,  n+1 

J 

l 

m,  n 

m,  n-1 

n+1 ,  n 

n+1,  n-1 

I  II 


x-'l'  Grid 


Conditions  are  known  at  station  I  and  are  to  be  determined  at  station  II 
by  solution  of  the  following  equation: 


c 


3F 

3X 


3  F 

(fr3?)  + 


6F  + 


3F 

3* 


+  y 


(32) 
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Table  4.  Coefficients  of  Conservation  Equations. 


For  the  mesh  indicated  in  the  above  sketch,  the  X  derivative  may  be  ap¬ 
proximated  by  a  backward  difference,  and  the  k  derivatives  may  be  approximated 
as  noncentered  three-point  differences  in  the  following  fashion: 

3F  _  ^m+1,  n+1  ^m,n  (33) 


Aili  2  F  — F  +Ak^  F  — F 

3f  _  V1  m+l,n+l  ra+l,n  v2  m+l,n  m+l,n-l 
__  -  -  - 

Ai//|  Ai^2  +  Ai^Ai^i 


M2F  =  2  A4llFm+l,n+l  -  ^1  *  ^ 2  Fm+1  2  Fm+l,n-l 

a^2  Aik2  Aik2  +  A*2** 


Substituting  these  derivatives  in  (28)  yields: 

[  (m+k)AiJi2  -  1A^  ]F  +  [e  +  i(Ai|>  +Ai|i  )  +  (m+k)  Ai|i2  -Aiji2  -6AX]F 

2  2  m+l,n-l  12  11  m+I,n 


[ (m+k)A\|> ,  -  fcA\|>  ]  F  .  =  eF  AV 

1  1  1  m+l , n+1  m,n+yAX 


where : 


„  _  2aBAX 

2 

A<i  Ai|»  A*2Ai|i 


n  _  2aBAX 
m,n  AiI^A^AiI^AiI^ 


m,tl  A^A^Ai^A^ 


Evaluation  of  the  quantities  c,  a,  B,  y>  h,  and  F  at  the  known 
station  I  results  in  a  set  of  linear  simultaneous  equations  of  the  form: 


aF  +bF  +  g  F  =hh, 

n  m+l,  n-1  n  m+l,  n  n  m+l,  n+1  for  n=2,  N-l 
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where : 


a(4>)  =  (m+k)Ai|)2-tAi(<2 

b(i|>)  =  e  +  l(Ai|«1+Ai|»2)  +  (m+k)  ( A<|^-Ai^ )- 6AX 
g(^)  =  (m+k )  Ai^>  ^  —  iAi)^ 
h(<|»)  =  eFm>n  +  yAX 

Inclusion  of  boundary  conditions  in  finite  difference  form  closes  the 
system  of  linear  algebraic  equations.  For  most  cases,  the  use  of  forward 
or  backward  differences  at  the  boundaries  is  adequate.  The  boundary  condi¬ 
tions  then  may  be  written  in  a  general  form  as  the  linear  combination  of  the 
dependent  variable  F  and  its  ^  derivative: 


«1*1  +  Ki  (il),  =  A 

dll' 

Cnfn+kn(^)n  =  xN 


(38) 


The  coefficients  corresponding 
sions  are: 

to  a,  b,  g  and  h  in  the  preceeding  expres- 

o 

ii 

CO 

aN  =  -Kn/^N 

bl  =  “KlM'I’l 

bN  =  5n+Kn/a*N 

g!  =  Kl/A>l>i 

gn  =  0 

hl  =  X1  hN  ~  XN 

The  resulting  set  of  N  simultaneous  equations  may  be  written  in  the  con¬ 
cise  matrix  form  as: 

TF  =  J 

where 

F  =  solution  vector 
J  =  Vector  of  right  hand  sides 

Since  the  T,  matrix  is  triagonal,  the  solution  may  be  obtained  readily 
using  the  previously  mentioned  Thomas  algorithm,  yielding  the  new  values  of 
F  at  station  II. 
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C.  Turbulence  Model 

l.  Discussion 

The  turbulence  model  utilized  in  the  jet  analysis  is  that  model  proposed 
by  Prandtl/Glushko  (Reference  4)  and  Spalding  (Reference  5).  As  mentioned 
previously,  the  differential  equations  have  been  initially  written  in  terms 
of  the  empirical  parameters  pertinent  to  this  model.  The  relationship  of 
Reynold's  stress,  xt,  to  the  local  mean  flow  quantities  is  taken  as: 

1 1  »  uHaRt  lii  <39) 

3y 

where  the  suggested  values  are: 

H  =  1.0 

a  =  0.2 

The  turbulence  of  Reynold's  number  in  the  above  expression  is  given  by: 

Rt  =  P/eLt  (40) 

P 

where : 

e  =  Turbulence  Kinetic  Energy 

Lt  =  Characteristic  length  scale  of  turbulence 

The  turbulence  kinetic  energy  is  obtained  by  solution  of  the  conservation 
equation  (Equation  26).  The  principal  uncertainty  in  the  turbulence  model 
rests  in  the  specification  of  the  length  scale,  Lt ,  associated  with  tur¬ 
bulence.  In  the  present  analysis,  the  length  scales  are  related  to  the 
geometric  parameters  of  the  jet  and  must  be  specified  in  terms  of  empirical 
relationships.  Expressions  for  the  length  scale  will  be  given  in  a  subsequent 
section. 

The  turbulent  or  "eddy"  viscosity  from  (39)  is: 

Ut  =  uHoRt  (41) 

An  "effective"  exchange  coefficient  may  be  determined  as  the  sum  of  the 
laminar  and  turbulent  terms: 

Ue  =  M  +  Pt  =  u(l  +  <>HRt)  (42) 
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.  .  c  t 

Defining  a  turbulent  Prandtl  number  as  Prt  =  P  '  the  "effective"  ther¬ 
mal  conductivity  is  given  as:  kt 


kp  =  CDU  —  +  (— )  (_) 


(43) 


jf\r  _ 

P  Pr 


Pr, 


The  diffusion  parameter,  D,  appearing  in  equations  (5)  and  (6)  is  given 
by  Glushko  and  Spalding  as: 


D  =  1  +  anHRt  (44) 

where 

n  =  Empirical  constant 
n  =  (0.586  after  Spalding) 

The  constant  C  in  the  dissipation  term  of  the  turbulence  energy  equation 
is  assigned  the  value  2.59  (Spalding)  for  application  to  the  turbulent  mixing 
problem . 

2 .  Definition  of  Turbulence  Length  Scale 

As  mentioned  previously,  the  principal  uncertainty  in  the  turbulence 
model  resides  in  the  characteristics  length  scale  assigned  to  the  turbulence 
(Lj).  A  partial  differential  equation  for  ,  similar  to  the  turbulence 
energy  equation  (5),  has  been  derived  from  Rotta  (Reference  6).  In  the  pre¬ 
sent  analysis,  however,  the  characteristics  scale  of  the  jet  turbulence  is 
assumed  independent  of  the  transverse  coordinate,  Y,  and  is  expressed  in 
terms  of  the  geometric  parameters  of  the  jet.  Experimental  data  are  used  to 
define  the  constants  in  the  model. 


Single  Jet 


Referring  to  Figure  2a,  the  mixing  region  of  the  single  jet  may  be  divi¬ 
ded  into  three  distinct  zones.  In  zone  1,  the  flow  consists  of  a  mixing 
layer  which  penetrates  into  the  uniform  parallel  flow  emanating  from  the  jet 
discharge.  The  turbulence  scale  in  this  region  is  assumed  proportional  to 
the  width  of  the  mixing  layer: 

Lt(l)  =  Ctl  *  b  *  (1  +  Ct2  Mj)'1  (45) 

where 


b 

M 


Ctl.Ct2 


Width  of  mixing  layer 
Jet  discharge  Mach  number 
Empirical  constants 
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The  above  relationship,  along  with  empirical  values  for  ‘s  de- 

veloped  in  References  7  and  8,  where  comparisons  with  experimental  data  are 
given. 

In  zone  3,  the  velocity  profiles  are  known  to  be  similar.  The  turbulent 
scale  for  this  fully  developed  region  is  defined,  after  Spalding  (Reference  5) 
to  be  proportional  to  the  local  radius  or  half-height  of  the  jet. 

Lt ( 3)  “  ct8YJ  (46) 

The  turbulence  length  scale  in  the  transition  zone  (Region  2)  is  less 
well-defined  than  those  in  Regions  1  and  3,  in  that  experimental  data  are 
sparse  or  nonexistant.  Since  the  scale  is  known  to  increase  rapidly  upon  dis¬ 
appearance  of  the  potential  core,  an  exponential  increase  in  Lt  to  match  the 
exponential  decrease  in  momentum  is  assumed. 

Lt(2)  =  Ct3  *  (k  +  Ct5Mj)-l  *  (— )  Ct4  *  (Ct6  +  Ct7Mj)  (47) 

Xc 

The  constants  in  this  model  must  be  determined  from  experimental  data 
and  are  dependent  on  the  downstream  distance  where  velocity  profiles  become 
similar. 

The  numerical  values  assigned  to  the  constants  Cti  -  Ctg,  which  apply 
for  most  situations  are: 


Ctl 

=  0.28 

Cy5  =  0.38 

ct2 

=  0.38 

Ct6  =  1.4 

ct3 

=  0.28 

Ct7  =  0.43 

Ct4 

=  0.3 

Ctg  =  0.22 

3.  Swirling  Jets 

The  effective  viscosity  prQ  is  defined  by: 

g 

xre  =  Mre  r  —  (w/r)  (48) 

3r 

for  the  swirling  jet. 

By  analogy  with  turbulent  Prandtl  and  Schmidt  numbers,  it  is  assumed  in 
the  present  work  that  pr0  and  ye  are  related  to  each  other  by: 


°r8  =  Ue/ure 


(49) 


where  pe  and  (irg  are  the  effective  viscosities  analogous  to  those  in  laminar 
flows.  Thus,  the  presence  of  swirl  in  the  jet  introduces  another  unknown, 
yre.  The  logical  expectation  is  that  all  of  these  quantities,  the  effec¬ 
tive  viscosities  and  their  ratio,  have  functional  dependence  of  the  degree  of 
swirl  in  a  jet.  It  was  shown  by  Chigier  and  Chervinsky  (Reference  9)  that 
swirling  jets  are  characterized  by  swirl  parameter  (often  referred  to  as  swirl 
strength  -  defined  as  the  ratio  of  axial  momentum  to  angular  momentum  at  the 
exit).  Often,  the  angular  velocity  component  is  a  difficult  one  to  measure. 

In  this  work  an  empirical  model  suggested  by  Chigier  and  Chervinsky  has  been 
used  to  define  the  swirl  strength. 

Explicitly,  the  swirl  strength(s)  is  defined  as: 

S  ■  (G/2)  /  [1  -  (G/2]  G  <  0.4 

*  (G/2)  /  [1  -  (G/2)2]  G  >  0.4  (50) 


where,  G 


Maximum  Swirl  Velocity  Component 
Axial  Velocity  Component  at  Exit 


The  constants  of  proportionality,  a  and  H,  are  the  same  as  suggested  by 
Prandt 1/Glushko  and  Spalding.  In  the  present  work  it  has  been  tacitly  assumed 
that  the  same  basic  turbulence  mechanism  will  hold  for  swirling  jets.  While 
the  effects  of  swirl  are  adequately  reflected  in  the  turbulent  kinetic  energy 
(from  the  solution  of  turbulent  kinetic  energy  equation),  the  length  scale, 

Lt ,  is  modified  to  reflect  the  influence  of  swirl.  Care  must  be  exercised 
in  defining  the  length  scales  for  jets,  for  the  jet  flow  characteristics  are 
markedly  different  in  the  initial  region  (near  the  exit)  than  those  far  from 
the  exit.  For  swirling  jets,  it  has  been  assumed  that  the  transition  regions 
are  small  and  may  be  treated  as  a  fully  developed  regime.  The  length  scales 
for  swirling  jets  than  are  appropriately  modified  as  follows: 


Initial  Region: 


Lt(l,  SWIRL)  =  Lt  (1,  NOSWIRL)  1  +  Ktl»SKt2J 


and,  in  the  fully  developed  region: 


Lt  (3,  SWIRL)  =  Lt  (3,  NOSWIRL)  £l  +  Kt3SKt2] 


(51) 

(52) 


where  Kti,  Kt2»  Kt3>  and  Kt4  are  empirical  components  determined  from 
experimental  data. 


In  addition,  Lilly's  postulation  (Reference  10)  for  ar0  =  1  +  5S^/3  £s 
used  in  this  work. 


These  definitions,  along  with  the  auxiliary  equations,  close  the  system 
of  governing  equations. 
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4 .  Coannu jar /Coplanar  Jets 

A  geometric  scale  model,  developed  by  General  Electric  is  utilized  for 
the  coannular/coplanar  jet.  The  schematic  diagram  of  the  symmetric  dual  jet 
flow  field  is  shown  in  the  following  sketch. 


Schematic  Diagram  of  Dual  Jet  with  Turbulence  Scale  Parameters. 


The  region  upstream  of  the  point  where  the  secondary  core  disappears  con¬ 
sists  of  two  independent  jets  which  mix  in  somewhat  the  same  manner  as  the  pre¬ 
viously  described  single  jet.  The  turbulence  length  scale  is  defined  in  terms 
of  the  scale  in  the  two  mixing  regions  as  follows: 

Lp  -  Ctpbp  (1  +  C^Mp)"1  (53) 


Lg  =  Cts^s  (1  +  Ct2Ms)  ^ 

a.)  0  <  Y  <  0 . 9Yp 

L  =  LP 


(54) 


(55) 


b.)  0. 9Yp  <  Y  <  (Ym  -  0.9  bs) 


L  =  Lp  + 


(Ls  -  U) 


0 . 9( Ln  +  bs) 


(Y  -  0. 9Yd) 


(56) 


29 


I 


c.  )  (Yg  -  0.9b„)  <  Y  <  Yc 


L  =  Lc 


The  factor  0.9  allows  marginal  interaction  of  the  two  mixing  zones,  in 
that  the  scale  in  the  secondary  core  region  varies  linearly  between  the  two 
extreme  values: 

Xm  <  X  <  Xp 

When  the  outer  edge  of  the  primary  jet  has  intersected  the  inner  edge  of 
the  secondary  jet,  the  secondary  potential  core  disappears.  The  coordinates 
of  the  boundaries  of  the  combined  mixing  zone  are  determined  by  fitting  a 
linear  curve  between  the  jet  corner  coordinates  and  the  merge  point;  viz: 

Y  -Y 1 

sVt?  <x  - xj>  <58) 

A8  <*-v  («) 

(inner  boundary) 

For  the  situation  shown  above,  the  scale  may  be  defined  as: 

a. )  Y  <  0.0  *  (Ys  -  bs) 

L  =  Lp  (60) 

b. )  0.9  *  (Ys-bs)  <  Y  <  Ys  -  0 . 9 ( Y s  -  Yp) 

Lg  -  Ljj 

L  =  Lp  +  - - - * -  [<Y  -  0.9*(Yg  -  bg)]  (61) 

F  0. 9( Yp+bg)-0.8Ys  s  s 

c. )  Yg  -  0.9(Yg  -  Yp)  <  Y 


L  =  U 


Special  situations  occur  as  follows: 


bg  >  Ys'  set  bo  =  Ye 


a.)  0  <  Y  <  [Yg  -  0.9  *  (Ys  -  Yp) 


L  *  Lp  + 


(Lg  -  Lp) 


0 . 9( Y+  bs)  -  0.8Y« 


[Y  -  0.8*(YS  -  bg)] 


' 


b.)  0.9*  (Ys  -  bs)  <  Y  (65) 

(Ls  -  Ld) 

L  =  Lp  ♦  - E -  [Y  -  0.9  ( Ys  -  bs)]  (66) 

0.9( Yp  +  bg)~  0.8Yg 

In  the  region  downstream  of  the  point  where  the  primary  core  has  dis¬ 
appeared,  the  combined  mixing  zone  scale  is  redefined  to: 


Lp  *  Ctnbp(l  +  Ct2Mp)-l  (67) 


D.  Gas  Properties 


Compressible  flow  relationships  are  utilized  to  establish  flow  field 
conditions  at  the  discharge  plane  of  the  jet,  where  the  flow  is  assumed  uni¬ 
form  and  parallel  except  for  a  small  interface  region  where  the  streams  are 
adjacent.  The  stagnation  enthalpy  of  the  given  stream  is  defined  as: 


H  =  h 


V2 

2gcJ 


+ 


e 


(68) 


The  stagnation  temperature  then  is  determined  using: 


cptTt  "  CPT  ♦ 


V2 

2gcJ 


+  e 


(69) 


The  mean  mixture  heat  capacity  at  constant  pressure  is  determined  using: 
r  ,  YR 


K  Y-l 

where  the  isentropic  exponent  varies  with  temperature  as  follows: 
T  _<  800°  R  Y  =  1.4 

800  <  T  <  3600°  R  y  =  2 . 23708T~0- 70271 

T  ^  3600“  R  y  =  1.254 

For  a  given  static  temperature  in  the  range  800°-3600“  R, 

T0. 929729  =  (Cp  +  +  e)/2. 23708 


(70) 


(71) 
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or 


Tt 


(C  T  +  V2 

=  '_! _ 2^J 

2.23708 


+  e  . 


1.078 


The  jet  streams  may  be  defined  in  terms  of  Mach  number  (M),  total  pressure 
(Pt),  static  temperature  (T),  or  velocity  (V).  The  defining  equations  are: 


/Ygc  R  T 

(73) 

Ma  or  M  =  V/a 

(74) 

■  (1  *  *  -  l«2)  yh-1 

(75) 

Following  determination  of  the  independent  variables  (u,  9,  E,  and  04)  at  a 
given  station,  the  dimensional  velocity,  temperature,  and  turbulence  energy 
profiles  may  be  determined  by  multiplication  by  the  normalizing  parameters. 
Local  profiles  of  M,  Tj,  and  Pj  also  may  be  computed  using  the  preceding 
relationships.  Finally,  dimensionless  pressure  and  temperature  coefficients 
are  determined  using: 


(PT  -  Pex> 

TD  '  (PT  -  Pex> 

(Jet  discharge  plane) 


(Tt  -  Te«) 

Ttd  "  (Tt  -  Tex) 

(Jet  discharge  plane) 


(76) 


(77) 


For  supersonic  flows,  the  location  where  the  supersonic,  core  disappears  is  of 
interest.  The  axial  sonic  line  throught  the  jet  is  determined  as  a  function 
of  the  noirmal  coordinate  Y. 


E .  Particle  Injection 

Since  JETMIX  assumes  that  all  constituents  are  perfect  gases,  certain 
approximations  must  be  made  in  order  to  use  this  flow  field  model  to  calcu¬ 
late  the  concentrations  and  temperature  of  particles  injected  into  a  jet 
engine  plume.  In  Reference  11,  it  is  .’own  experimentally  that,  for  small 
particles  (10-30  micron  diameter)  in  turbulent  air  stream,  the  particle 
velocity  was  equal  to  the  velocity  of  the  airstream  within  the  accuracy 
of  the  measurements.  In  Reference  12,  it  is  shown  that  soot  particles  will 
have  a  temperature  within  one  degree  of  the  gas  temperature.  Therefore, 
since  the  aerosol  particles  follow  the  temperature  and  velocity  profiles  of 
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the  fluid  stream  closely,  the  flow  field  calculated  by  the  JETMIX  module  can 
be  used  to  define  the  velocity  and  temperature  of  the  particles  in  the  plume, 
if  it  is  assumed  that  the  basic  flow  field  without  the  particles  is  not 
changed  significantly  when  the  particles  are  injected.  This  will  be  true 
when  the  weight  flow  of  the  particles  is  small  compared  with  the  total  weight 
flow  of  the  jet  plume. 

In  the  computer  module  the  specific  heat  and  the  Schmidt  number  (which 
is  inversely  proportional  to  the  diffusion  coefficient)  must  be  input. 

Since  the  temperature  of  the  particles  follows  the  fluid  stream  temperature 
and  it  is  assumed  that  the  basic  flow  field  distribution  will  not  change  as  a 
result  of  injection  of  the  particles,  the  specific  heat  of  air  is  used  as 
input  for  the  specific  heat  of  the  particles.  The  diffusion  coefficient  for 
small  particles  in  a  fluid  stream  is  much  lower  than  for  gases.  In  Figure  3. 
from  Reference  13,  the  ratio  of  the  particle  diffusivity  to  the  diffusivity  of 
a  turbulent  air  stream  is  shown  for  various  sizes  of  glass  beads  suspended 
in  turbulent  air  streams  of  varying  Reynolds  number.  Since  the  particle 
sizes  of  usual  interest  are  lesss  than  about  2  microns  in  diameter,  a  value 
of  upart{cie/Df iuid  stream  =  0*02  is  typical,  a  value  of  Schmidt  number 
SC  =  35  can  be  used  to  obtain  a  single  set  of  data  which  is  representative 
of  the  particle  mixing  rate  in  an  engine  plume.  If  measured  engine  flow 
field  data  became  available,  the  value  of  the  Schmidt  number  which  provides 
the  most  favorable  agreement  between  the  predicted  flow  field  and  the  measure¬ 
ments  should  be  determined,  and  this  value  should  be  used  in  the  program. 


The  plume  flow  field,  including  the  velocity  of  the  particles  injected 
into  the  stream,  is  calculated  using  the  nonuniform  flow  field  option.  In 
this  option,  the  user  provides  the  mole  fractions  of  the  constituents  as  a 
function  of  radius  in  the  plume  at  a  single  axial  station  along  with  the 
static  temperature,  velocity,  and  turbulent  intensity  profiles.  Also  to  De 
provided  are  the  ambient  pressure,  temperature,  and  velocity  of  the  external 
flow  surrounding  the  jet.  Using  this  option,  the  particles  are  input 
artificially  as  only  a  small  mole  fraction  (Ma)  at  the  desired  locations. 
Since  the  program  treats  the  particles  as  a  perfect  gas,  the  weight  flow 
input  (m)  then  can  be  calculated  as: 

o  P0 

m  =  —  AVMo 
RT 


where,  PQ 
R 
A 
V 

Ma 


static  pressure  of  external  flow 
gas  constant 

area  over  which  particles  are  injected 
velocity  of  the  particles 
mole  fraction  of  the  particles 
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Figure  3.  Particle  Diffusivity  of  Beads 


The  mass  flow  rate  generally  will  be  different  from  the  actual  flow 
desired,  since  a  low  value  of  the  mole  fraction  is  input  to  assure  that  the 
basic  flow  field  is  not  changed  as  a  result  of  injecting  the  particles. 

To  define  the  actual  mass  flow  rate  which  is  injected  into  the  engine 
plume,  a  constant  (WT)  is  input  into  the  PLUMIR  module.  This  constant  is 
defined  as  follows: 

Wp  =  Actual  Mass  Flow  Rate 

AVMa 

RT 


With  this  input,  the  flow  field  option  then  calculates  the  static  tem¬ 
perature,  velocity,  and  mole  fraction  of  the  particles  at  user-selected  points 
in  the  plume  flow  field.  Now,  an  equation  to  calculate  the  concentration  of 
the  particles  ( part ic les/volume)  must  be  developed  since  this  is  the  quantity 
required  to  evaluate  absorption  coefficients  in  the  PLUMIR  module  (See  Sec¬ 
tion  V.D.) 
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SECTION  IV 


INTERNAL  EXHAUST  HOT  PARTS  RADIATION  (SIGNIR) 

A.  Discussion 

The  internal  hot  surfaces  of  the  exhaust  system  are  primary  contributors 
to  the  IR  signature,  eseciaily  when  viewed  from  tail-on  azimuth  angles.  Not 
only  are  direct  emissions  from  the  visible  surfaces  important,  but  emissions 
from  hot  hidden  sources  (such  as  the  turbine)  can  be  important  if  a  signifi¬ 
cant  portion  of  these  emissions  is  reflected  off  the  visible  surfaces.  The 
factors  needed  to  determine  the  extent  of  internal  hot  parts  IR  radiation  are 
surface  temperatures  and  emissivit ies ,  view  factors  between  the  various  sur¬ 
faces  of  the  system,  and  the  visible  projected  areas  of  the  surfaces  at  each 
prescribed  viewing  angle. 

Temperature  may  be  either  read  in  directly  or  calculated  using  know¬ 
ledge  of  the  heat  transfer  parameters  in  the  exhaust  system.  Emissivities 
are  functions  of  tabular  input  of  wavelength.  View  factors  and  projected 
areas  may  either  be  tabulated  or  calculated  from  the  system  geometry.  The 
analysis  associated  with  each  calculation  type  is  presented  in  the  analysis 
sections  that  follow. 

B .  Exhaust  System  Gas  Flow  (RIMAIN) 

An  internal  gas  flow  analysis  is  conducted  by  SIGNIR  under  the  control 
of  subprogram  RIMAIN.  The  primary  effort  is  to  determine  the  distribution 
of  gas  stream  properties  and  the  surface  boundary  layer  convection  coeffi¬ 
cients.  The  following  sections  cover  the  analytical  procedures  utilized  in 
computing  the  compressible  flow  and  surface  boundary  layer. 

1 .  Compressible  Fluid  Flow  (COFLOW) 

The  subprogram  COFLOW  establishes  the  flow  properties  within  a  compound 
stream  based  on  a  one-dimensional,  isentropic  flow  analysis.  The  method 
employed  is  based  on  the  analysis  presented  in  Reference  14  which  assumes 
that  the  primary  and  secondary  streams  of  a  mixed  turbofan  exhaust  system 
can  be  handled  separately.  Its  theory  has  been  found  to  agree  well  with 
experimental  findings.  COFLOW  provides  an  array  of  compound-flow  properties 
associated  with  flow  areas  for  a  given  combination  of  flow  rates.  The_fluid 
static  pressure  is  chosen  to  be  constant  across  adjacent  streams.  If  a 
single-stream  configuration  is  employed,  the  same  analytical  procedure  is 
employed  utilizing  only  the  single  stream. 
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The  nomenclature  used  within  this  section  is  as  follows: 


A  -  Flow  area,  ft^ 

Cp  -  flow  coefficient 

g  -  acceleration  of  gravity,  ft/sec^ 

j  -  an  integer  (corresponding  to  the  subscript  j) 

k  -  ratio  of  specific  heats 

m  -  mass  flow  rate,  lbm/sec 

M  -  flow  Mach  number 

n  -  number  of  compound  streams 

P  -  static  pressure,  lbf/ft^ 

Pf  -  total  pressure,  lbf/ft^ 

AP  -  increment  in  static  pressure,  Ibf/ft^ 

R  -  gas  constant,  lbf  ft/lbm  R 
T  -  Static  temperature,  °R 

Tp  -  Total  temperature,  °R 

V  -  Flow  velocity,  ft/sec 

g  -  compound-flow  indicator 

p  -  density,  lbm/ft^ 

subcr ipt  s 

amb  -  ambient  conditions 

ex  -  nozzle  exit 

i  an  integer,  stream  number 

j  -  an  integer,  relates  physical  conditions  and  flow 
properties  at  the  same  static  pressure  conditions 

The  subprogram  COFLOW  computes  an  array  of  fluid  properties  compatible 
with  values  of  static  pressure  decremented  from  the  total  pressure  provided 
to  the  ambient  static  pressure,  i.e.; 

Pj  =  PT  -  j  •  AP  (1) 


The  stream  properties  for  a  perfect  gas  are  computed  by  the  following 
isentropic  flow  relationships: 


~V"»” 


pi,j  =  Pj/Ri  Ti,j 

(5) 

Ai,j  = 

(6) 

A  compound  flow  indicator,  8,  is  used  to  determine  if  choking  occurs  at 
a  static  pressure  value  which  is  greater  than  ambient  pressure  (choked  con¬ 
vergent  nozzle).  Compound  flow  is  subsonic  when  6  >  0,  sonic  at  8  =  0  and 
supersonic  when  B  <  0.  The  indicator  is  evaluated  by  the  equation  given  in 
Reference  14  as 

B.  =  E  tLl  /  1  -  l\ 

J  i-1  ki  i,j  / 

(7) 

This  shows  that,  at  the  compound-choke  condition,  some  streams  can  be  super¬ 
sonic  while  others  are  subsonic.  For  a  single  stream,  n  =  1,  8=0  when  the 
stream  Mach  number  is  1.  The  subprogram  COFLOW  is  limited  to  two  streams 
(1  =  2).  Once  the  array  of  stream  properties  is  formed,  the  total  flow  area 

n 

ATj  =  Xj  Ai,j 
i  =  l 

(8) 

at  the  nozzle  exit  is  determined  from  the  program  at: 

8  =  0,  if  P  > 

(9) 

or  at : 

P  -  ?amb  of  8  >  0 

(10) 

The  total  flow  area  of  the  array  is  adjusted  by  a  flow 

coefficient : 

Cp  -  Af(ex)/Aex 

(11) 

which  is  an  adjustment  toward  2-dimensional  flow  considerations. 

2.  Surface  Boundary  Layer  (TURBLT) 

The  conditions  within  the  compressible  turbulent  boundary  layer  which 
exist  along  each  of  the  exhaust  system  surfaces  are  computed  by  subprogram 
TURBLT.  This  is  a  segment  of  an  existing  computer  program  written  by  A.H. 
Ybarra  of  Vought  Aeronautics  Company  of  LTV  Aerospace  Cooperation.  The 
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analytical  methods  employed  basically  are  those  presented  by  Reference  15  in 
which  the  boundary  layer  is  expressed  in  terms  of  the  momentum  integral  and 
moment -of -moment urn  integral,  simplified  by  a  Mager-type  transformation,  and 
solved  simultaneously.  Ybarra  incorporated  an  empirical  modification  to  the 
moment -of-momentum  equation  which  improved  the  agreement  between  calculations 
and  test  data. 


The  following  is  a  list  of  nomenclature  for  symbols  used  within  this 
section : 


b(x ) 

Cf 

c(x) 

cp 

d 

e 

FI 

F2 

H 

h 

hc 

M 

m 

P 

Pr 

R 

Re9 

r 

S 

T 

U 

u 

V 
v 
X 
x 

Y 

y 

q 

w 

w* 

w 

w* 

0 

u 

v 

P 

T 


transformation  parameter 

local  skin  friction  coefficient,  dimensionless 
transformation  parameter 

specific  heat  at  constant  pressure,  Btu/lbm-°  R 

exact  differential 

different ial 

empirical  factor 

empirical  factor 

boundary  layer  shape  factor,  dimensionless  (incompressible 
transformed  denoted  by  subscript  tr) 
enthalpy,  Btu/lbm 

convection  heat  transfer  coefficient,  Btu/hr  ft^  °  R 
Mach  number,  dimensionless 
power  law  profile  exponent,  dimensionless 
pressure,  lbf/in.^ 

Prandtl  number,  dimensionless 
Radius  of  symmetry,  feet 

Reynolds  number  based  on  momentum  thickness,  dimensionless 
gas  constant,  lbf  ft/lbm  °  R 
recovery  factor,  dimensionless 

enthalpy  ratio  factor,  S  =  (hs/ho)-1.0,  dimensionless 
temperature,  °  R 

transformed  velocity  along  surface,  ft/sec 

physical  velocity  along  surface,  ft/sec 

transformed  velocity  normal  to  surface,  ft/sec 

physical  velocity  normal  to  surface,  ft/sec 

transformed  coordinate  along  surface,  feet 

physical  coordinate  along  surface,  feet 

transformed  coordinate  normal  to  surface,  feet 

physical  coordinate  normal  to  surface,  feet 

ratio  of  specific  heats,  dimensionless 

transformed  boundary  layer  thickness,  feet 

transformed  boundary  layer  displacement  thickness,  feet 

physical  boundary  layer  velocity  thickness,  feet 

physical  boundary  layer  displacement  thickness,  feet 

boundary  layer  momentum  thickness,  feet 

absolute  viscosity,  lbm/sec-ft 

kinematic  viscosity,  ft^/sec 

density,  lbm/ft^ 

shear  stress,  lbm/ft-sec^ 
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¥ 

¥ 

3 


transformed  velocity  potential,  1/sec 
velocity  potential,  1/sec 
partial  derivative  symbol 


Subscripts 


e 

z 

1 
o 

ref 

s 

T 

tr 

w 

1 

2 


local  inviscid  flow,  at  edge  of  boundary  layer 
gravitat ional  accelerat ion ,  ft/hr^ 
incompressible 

freestream  stagnation  conditions 
at  Eckert  reference  enthalpy  conditions 
local  stagnation  conditions 

total  conditions  (unsubscr ipted  indicates  static  conditions) 

transformed 

at  the  surface,  wall 

current  value,  at  end  of  current  increment 
previous  value,  at  start  of  current  increment 


For  steady,  compressible,  turbulent  flow,  the  boundary  layer  equations, 
in  which  the  flow  variables  appear  as  time-averaged  quantities,  are  expressed 
by  the  continuity  and  momentum  equations  for  an  axisymmetric  system,  as: 


3(pu)  +  3( pu)  pu  dR  _ 

3x  3y  R  dx 


and : 


_  au  au  _ 

pu  -  -  +  pu  -  - 

ax  y  ay 


_  Ifi.  +  ii 

dx  ay 


(12) 


(13) 


These  two  partial  differential  equations,  in  their  present  form,  cannot  be 
solved  simultaneously .  To  simplify  and  reduce  the  difficulty  of  integration, 
a  Mager-type  transformation  is  performed  which  transforms  the  physical  coord¬ 
inates  as: 


X  = 


/ 


b(x)  dx 


and  : 


Y 


-2—  dy 
Po 


(14) 


(15) 
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where 


_ HL. 

b(x)  =  (TTo/Tref)  (Te/TTo)  2(^~l) 


(16) 


c ( x )  =  (Te/TTo)1/2  (17) 

The  velocities  can  be  replaced  through  the  definition  of  a  stream  func¬ 
tion,  as: 

ii  „  £»i 
9y  po 

(18) 

_  pv 
3x  po 


and  the  transformed  velocities  by  the  relationships: 


and:  (19) 


Applying  Equations  14,  15,  and  16  to  the  boundary  layer  equations  (12) 
and  (13)  results  in  the  following  transformed  continuity  and  momentum  equa- 
t  ion : 


3U  +  _3V 
ax  3Y 


0 


(20) 


vis.  „  i!!s  (us, ,  v  iie 

ax  3Y  e  ax  o  3Y2 

where  the  enthalpy  term  is  defined  as: 

S  =  (hs/hQ)  -  1 

where  hg  is  the  local  stagnation  enthalpy. 


(21) 


(22) 
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The  boundary  conditions  applicable  to  Equations  20  and  21  are: 


U(X,0)  =0  no  slip  at  wall 

V(X,0)  =0  no  mass  added  or  removed  from  boundary  layer  at  wall 

S(X,0)  =  SW(X)  enthalpy  ratio  at  wall  depends  only  on  local  recov¬ 

ery  temperature 

Limit  S  =  0  local  stagnation  temperature  approaches  free  stream 

Y  ■»  «>  total  temperature 

Limit  U  =  Ue(X) 

Y  -►  *  boundary  layer  velocity  approaches  external  velocity. 

Some  correlations  between  transformed  and  physical  parameters  which  re¬ 
sult  from  the  Mager-type  transformations  are  as  follows: 


Longitudinal  velocity,  U  =  (Te/Tj0)^2  u  =  [  c  ( X )  ]  U 
Velocity  potential,  ip  =  Y 


Boundary  Layer  Shape  Factor,  ^  ^  +  Y~1  ^  ^  +  Y 

2  e  tr  2  e 


2(  —  1 ) 

Momentum  Thickness,  0  =  0tr  Tf0/Te  Y 


Displacement  Thickness,  6*  =  ^0tr  +  ^TTo/Te^ 


3y~1 
2( Y-1 ) 


tr  (TTo/Te) 


Y+1 

2(y-l) 


The  combining  and  manipulation  of  Equations  20  and  21  produce  the  equa- 


—  I  U(  U  -U)J  +  —  l  VC  U  -U)  J  +  —  (U  -U) 


3X  e 


3Y  e 


3X  e 


aue 

+  u  — ^  s 

e  ax 


O  ,v2 


The  transformed  momentum  thickness,  0tr>  anc^  the  transformed  displacement 
ckness,  a*,  are  defined  as: 


/  (h)  0-fc) 


A 


o 


and  the  transformed  boundary  Layer  shape  factor  follows  as: 


(30) 


Htr  =  A*/0tr 


(31) 


By  integrating  Equation  28  with  respect  to  Y  between  the  limits  Y=0  and  Y=A 
(where  A  is  a  distance  normal  to  the  surface  sufficiently  large  that  the  con¬ 
ditions  S=0  and  U=Ue  are, both  satisfied),  applying  the  chain  rule,  and  incor¬ 
porating  Equations  29  and  30  the  following  equation  can  be  obtained: 


d&tr  1  dUe 
dX  +  dlT 


★ 

+  A  + 


(32) 


The  fundamental  definition  of  the  boundary  layer  shear  stress  is 
expressed  by: 


T 

w 


=  )i 


w 


(33) 


By  utilizing  Equations  14,  23,  31,  and  33  and  a  reference  temperature  tech¬ 
nique,  then: 

(lip)w  =  U0  Po  (TTo/Tref) 

Equation  32  becomes: 


d9tr  (  etr 
dX  +  Ue 


dUe 

dX~ 


2 


+  H 


tr 


/  *  «]  ‘  0^) 


peUe 


(35) 


which  is  the  form  of  the  transformed  momentum  integral  equation  presented  in 
Reference  15. 


The  moment -of -moment urn  integral  equation  is  derived  in  a  similar  manner. 
The  differential  from  the  momentum  equation  (28)  is  multiplied  by  the  param¬ 
eter  Y,  and  the  results,  in  turn,  are  integrated  with  respect  to  Y  from  Y=0 
to  A.  The  resulting  integral  equation  obtained  is: 
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S  dY 


dHtr 

dX 


2Ue  dX 


(H 


tr 


+  1)2(H 

t  r 


2 

+  (Htr  +  i)et; 


/ 


2  (Htr  -  1) _ 

H^r  (Htr  +  l)  e£r 


O 


+  Htr  (H^r  -  1) 
9tr 


^To\  /  ^ref\  Tw 
Te  /  \TTo  )  pe  U 1 


(Htr  ~  1 ) (Htr  +  D 


’tr 


The  Ludwig-Ti 1 lman  skin-friction  relationships  for  incompressible  tur¬ 
bulent  flow,  both  convenient  and  valid  over  a  wide  range  of  pressure  gradi¬ 
ents,  is  given  as: 


Cf  “ 


1/2  p  U2 


=  0.246  e 


-1.561 


Hi 


*e9 


-0.268 

/ 


(37) 


The  Reynolds  number  based  on  momentum  thickness  is  defined  as: 

Ree  =  Ue  0/v  (38) 


\ 

With  the  application  of  the  reference  enthalpy  concept,  Equations  23  and 
26,  and  the  relationships: 


Pref  =  T 
P  Tref 


and : 


yref  po 

v  ,  =  v  -  - 

ref  o  u0  pref 


(39) 


(40) 
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Equation  37  can  be  put  in  the  form: 


Cf 

2 


0.123  ( l*e/T 

1.561  Hi 
e  1 


ref)  ^ 

(Ue6tr 


ref/%)°'268 

,  ~  ,0.268 

/vQ) 


(41) 


This  is  the  expression  of  skin  coefficient  for  compressible  flow  in  terms  of 
the  transformed  velocity,  momentum  thickness,  and  reference  temperature  (and 
viscosity) . 


The  integrals  which  appear  in  the  transformed  momentum  and  moment-of- 
momentum  equations  (35)  and  (36),  shall  be  reduced  to  a  usable  form.  The 
recovery  factor  is  defined  as: 


(42) 


for  a  turbulent  boundary  layer.  For  a  Prandtl  number  of  unity,  the  recovery 
temperature  will  be  equal  to  the  freestream  stagnation  temperature.  There¬ 
fore,  for  adiabatic  flow,  the  value  of  S  in  Equation  22  would  be  zero,  and 
the  integrals  would  be  zero.  To  evaluate  the  integrals  at  an  arbitrary  sur¬ 
face  temperature,  the  Crocco  relationship  is  employed  together  with  a  power 
law  assumption  for  the  velocity  profiles,  i.e.: 


(43) 


and : 


(44) 


Since  the  purpose  of  the  Mager-type  transf ormat ion  is  to  render  the 
boundary  layer  equations  analogous  to  the  incompressible  form,  the  trans¬ 
formed  and  incompressible  shape  factors  are  near  equal.  Using  this  infor¬ 
mation,  the  integrals  are  evalauted  as: 


and : 


/S  dY  =  S  H.  9 

1  tr 

o 


A 


2  2 
Hi  (Hi  +  1)  a2 

2(Hi  -  l)(Hi  +  3)  tr 


(45) 


(46) 


45 


■jw.iub  ;  j 


Substituting  Equations  22,  23,  37,  and  45  into  Equation  35,  the  momentum 
equation  becomes: 


detr  _ 

/  Tref \ 

(Si) 

®tr 

dUe 

dX 

\tTo  / 

l2  / 

"  ue 

dX~~ 

(47) 


By  the  same  procedure,  the  term  of  Equation  36  containing  the  integration 
in  Y  reduces  as: 


1  + 


(H£  +  l)0tr 


U 

/ 


S  dY  - 


2(H£  -  1) 

H2  (Hi  +  i)e£r 


/ 


S  dY 


(48) 


2 

Hi  +  4Hi  -  1 
(Hi  +  1 ) ( Hi  +  3) 


The  integral  contained  in  the  last  term  of  Equation  36  is  not  so  easily 
simplified.  An  empirical  relationship: 


1 


/ 


T 

Tw 


0.003075  Hi  -  0.003352 

Cj/2 


(49) 


•was  established  from  the  data  presented  in  Reference  15  in  terms  of  the  var¬ 
iables  Hi  and  Cf.  Once  the  analytical  model  was  complete,  further  empirical 
corrections  in  the  last  term  of  Equation  36  made  it  necessary  to  correlate 
with  measured  test  data.  These  correlation  factors  took  the  form  of: 


(50) 


dMe 

F2  =  1 ,  when  -r—~  i  0 


(51) 
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with  the  further  restriction  that: 

(F1MF2)  <  1  ( 52) 

By  employing  those  methods  required  in  establishing  Equation  42  and  applying 
the  empirical  parameters  presented,  Equation  36  reduces  the  form: 


dH{  _  HiCHi  +  1 ) 2 ( H ^  -  1) 
dX  2 


/  hw  \  Hf  +  4Ht  -  1  "|  l  dUe 

\K  ~  1)  (Hi  +  1 )  ( H{  +  3)  U^dlT 


Hi(Hi  +  l)2 


(53) 


-  (F1)(F2) 


(Hq  -  l)(Hi  +  1) 


'tr 


(0.003075  H.  -  0.003352) 

l 


In  subprogram  TURBLT,  the  two  transformed  boundary  layer  equations  (42) 
and  (43)  are  solved  simultaneously  using  an  iterative  finite  difference 
numerical  integration  procedure.  Specifically,  the  process  employed  divides 
the  surface  being  analyzed  into  small  increments.  For  each  surface  increment, 
a  value  for  Hi  and  9tr  is  assumed  at  the  downstream  end  of  that  increment; 
and  then,  using  the  average  value  for  all  pertinent  parameters  over  the  sur¬ 
face  increment,  the  two  equations  (47)  and  (53)  are  solved.  The  results  are 
compared  with  the  initial  estimates  and  an  iteration  is  carried  out  to  con¬ 
verge  on  a  solution. 


The  program  is  provided  with  the  properties  of  the  gas  stream  flowing 
adjacent  to  the  surface  and  the  initial  (upstream)  values  of  momentum  thick¬ 
ness,  6,  and  incompressible  shape  factor,  Hi,  (these  two  values  must  be  input 
by  the  program  user  which  requires  some  estimate  of  the  boundary  layer  condi¬ 
tions  entering  the  exhaust  system).  With  a  surface  increment's  upstream  (2) 
boundary  layer  condition,  the  program  makes  an  assumption  as  to  the  down¬ 
stream  (1)  growth.  The  condition  and  property  values  over  the  increment  are 
averaged;  Equations  41,  50,  and  52  are  evaluated;  and,  in  turn.  Equations  47 
and  53  are  solved  simultaneously  utilizing  the  equations: 


d6 

0  =6  „  +  — 
trl  tr2  dX 


tr 


(xL  -  x2) 


and : 


dh; 

Hn  =  Hi2 +  dir  (Xl  ‘  X2) 
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The  initial  estimate  is  corrected,  and  the  solution  process  is  continued 
until  the  parameters  converge.  In  turn,  the  parameters  for  the  following 
increments  are  solved  in  a  systematic  order. 


From  the  solution  obtained,  local  physical  boundary  layer  parameters 
along  the  surface  are  computed  by  the  program;  these  are: 


•  boundary  layer  thickness: 


6 


H.  +  2+ 
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local  skin  friction  coefficient: 

-1.56  Hi  /  v  v  0.268 


Cf  =  0.246  e 


(ue  e) 


local  convection  heat  transfer  coefficient: 

h  =  -J-  JW  ( Pr72/3  •  C  P  (T  )~1/2  M 
c2^|Rg  pToTo  e  \  2  e  J 

.  el.  561  j^Hi-1.3-0.2(3.25y-2.25)M2J 


-( y-1) 

2( y+l ) 


C .  Exhaust  System  Surface  Cooling  (LINKT) 

Three  methods  for  cooling  exhaust  surfaces  have  been  incorporated  into 
the  LINKT;  they  are  film  convection-film,  and  transpiration-cooling.  These 
cooling  methods  were  selected  as  the  more  efficient  means  of  cooling  sur¬ 
faces.  They  give  the  program  latitude  in  the  types  of  systems  wherein  this 
program  is  applicable.  The  following  section  presents  the  analytical  proc¬ 
edures  employed  for  each  of  the  surface  cooling  methods. 

1 .  Film  Cooling  (FILMCL) 

The  gaseous  film  cooling  method  incorporated  by  subprogram  FILMCL  is  an 
empirical  correlation  of  various  investigators'  data  presented  in  Reference 
16.  The  cooling  conf iugrat ion  utilized  by  the  program  is  specifically  for 
tangential  injection  of  the  coolant.  The  method  proposed  by  Reference  17  was 
coupled  with  this  film  cooling  method  to  be  capable  of  handling  multiple-slot 
configurations.  The  nomenclature  used  within  this  section  is  as  follows: 
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A  -  Area,  ft^ 

Cj  -  flow  discharge  nond imens ional 

Cp  -  specific  he.“.“  ..  constant  pressure,  Btu/lbm  ”  R 

f(v)  ~  velocity  mismatch  factor,  nondimensional 

g  -  gravitational  acceleration,  ft/hr^ 

h  -  convective  heat  transfer  coefficient,  Btu/hr  ft^,  °  R 

m  -  total  number  of  cooling  slots,  nondimensional 

M  -heat  capacity  ratio,  ( pVCp)c / ( pVCp)g 
oq  -  mass  flow  rate,  lbm/hr 

n  -  flow  exponent,  nondimensional 

P  -  static  pressure,  1 bm/ f t ^ 

Px  -  total  pressure,  lbm/ft^ 

R  -  gas  constant,  lbf  ft/lbm,  °R 

s  -  slot  height,  ft 

St  -  Stanton  number  (hg/pVCp),  nondimensional 

T  -  temperature  or  static  temperature,  °R 

Tr  -  recovery  temperature,  °R 

Tx  -  total  temperature,  "R 

UA  -  overall  rate  of  heat  transfer,  Btu/hr,  °R 

V  -  velocity,  ft/hr 

x  -  distance  downstream  from  slot,  feet 

Y  -  ratio  of  specific  heats 

A  -  the  change  in  a  property,  nondimensional 

n  -  film  effectiveness 

Pstd  ~  density  at  standard  temperature  and  pressure,  lbm/ft^ 

Subscripts : 

c  -  coolant 

f  -  fluid  film 

f'  -  adjacent  to  film 
g  -  mainstream  gas 

s  -  slot 

t  -  total 

w  -  wall 

1  -  coolant  source 

2  -  heat  source 


The  empirical  equation  for  film  effectivenss  proposed  by  Reference  is 

j'*3-6  [(^)(v)(wf)2/3«»>]j  <»> 
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where : 


n  =  (Trg  -  Tw)/(Trg  -  Trc) 


(55) 


f(v)  =  1  +  0.4  arctan  -  l]  ;  when  — •  >  1, 


1 . 5( Vg/Vc  -  1) 


;  when  —2.  £  1 

vc 


(56) 


These  equations  were  converted  into  a  form  where  the  independent  variables  are 
those  available  to  the  program.  Specific  terms  of  Equation  141  were  altered 
in  form  as  shown. 


Stg  -  h8 


CdAs 


(57) 


'pc  mc 


rg  _  H 

Trc  Ttc 


(58) 


Equation  142  takes  the  form: 
D  =  (Tf«-Tw)/(Tf >-Ttc) 


(59) 


where  Tf'  is  the  gas  film  temperature  resulting  from  the  upstream  slot  flow. 
The  term: 


CdAs  .  Pg 

Vc  Rc  m  Tcc 


(60) 


From  Equation  56,  is  converted  as  shown  which  assumes  isentropic  flow  from  a 
common  coolant  plenum  to  the  slot  where  discharge  static  pressure  adjusts  to 
equal  the  mainstream  gas  static  pressure.  Combining  the  foregoing  equations, 
the  equation  for  wall  temperature  becomes: 


Tw  =  Tfl  -  (Tf 


2/  3 

(f)(£)  HI 


(61) 


where  the  term  f(v)  is  defined  by  Equations  56  and  60. 
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The  computational  process  conducted  by  FILMCL  starts  with  the  upstream 
slot;  utilizing  the  local  gas  stream  recovery  temperature  for  T(, ,  compute 
the  wall  temperature  from  the  slot  to  the  end  of  the  surface  being  cooled. 
This  is  accomplished  in  incremental  steps  using  the  local  gas  streamn  prop¬ 
erties  along  the  surface.  Progressing  to  the  next  slot,  the  gas  film  tem¬ 
perature  (Tf)  along  the  remaining  surface  is  assigned  the  values  of  the 
wall  temperature  (Tw)  computed  from  the  previous  slot.  In  this  manner,  up¬ 
stream  slot  coolant  films  affect  all  surface  temperatures  downstream.  The 
procedure  is  continued  progressively  along  the  cooled  surface  producing  the 
wall  temperature  distribution  as  demonstrated  in  Figure  4.  In  turn,  an 
area-weighted  average  temperature  is  computed  for  each  of  the  nodes  as¬ 
signed  along  this  cooled  surface. 

A  coolant  flow  balance  is  incorporated  into  this  subprogram  which  pro¬ 
vides  the  coolant  flow  properties  required  by  Equations  60  and  61.  the 
program  user  is  provided  the  option  of  defining  either  the  coolant  flow  rate 
or  its  source.  The  slots  are  assumed  to  be  supplied  from  a  common  plenum 
such  that  the  driving  total  pressure  to  each  slot  is  identical.  The  coolant 
flow  from  each  coolant  slot  is  a  function  of  both  the  slot  flow  area  and  the 
gas  stream  local  static  pressure.  The  coolant  total  pressure  and  individual 
slot  coolant  flow  rate  are  computed  using  an  iteration  process.  A  form  of 
the  continuity  equation,  using  isentropic  considerations,  is  shown  in  terms 
of  dependent  variables,  slot  flow  rate,  and  total  pressure: 


The  selected  total  coolant  flow  rate  is: 
m 

mc.  (63) 

i=l 

The  program  iterates  about  total  pressure  and  flow  rate  to  obtain  a  solution 
which  provides  the  individual  slot  coolant  flow  rates. 

It  the  option  is  selected  to  compute  the  coolant  flow  rate  based  on  coolant 
source  temperature  and  pressure,  an  extension  of  the  forgoing  process  is  re¬ 
quired.  This  computational  procedure  includes  the  supply  system  pressure 
loss  and  heat  transfer.  The  coolant  supply  system  pressure  loss  is  computed 
by  the  equation  form: 

9APt  =  K  (m)n  ,  (64) 


51 


■ 


ppim 
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at  Temperature  Tg 
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-  Surface  Temperature 

— ■  — - Temperature  of  Fluid  (Adjacent 

to  Coolant  Film) 

(b)  MULTIPLE-SLOT  FILM-COOLED  SURFACE  TEMPERATURE  DISTRIBUTION 


Figure  4.  Multiple-Slot  Film  Cooling. 
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where  the  system  characteristics  K  and  n  are  required  input.  The  program 
solves  this  equation  in  the  form: 


"ct 


The  coolant  plenum  temperature  is  evaluated  by  the  equation: 


(65) 


ltc 


=  T 


t2 


(Tt2-Ttl) 


-( UA/Cpc  mc) 


(66) 


where  temperature  of  the  heat  source  (T[2)  and  coolant  supply  overall  heat 
transfer  coefficient  (UA)  are  required  input  data.  The  combination  of  Equa¬ 
tions  62,  63,  65,  and  66  is  solved  by  an  iteration  process  which  provides 
the  resulting  slot  flow  rates  and  coolant  plenum  temperature  and  pressure 
required  in  determining  the  wall  temperature. 


2 .  Convection-Film  Cooling  (CNFLM) 


The  convection-film  cooling  method  computational  procedure  incorporated 
by  subprogram  CNFLM,  developed  by  VAC,  utilizes  the  empirical  film-cooling 
correlation  presented  by  Reference  17,  and  the  characteristics  of  plate-fin 
heat-exchanger  materials  as  presented  in  References  18  and  19. 


The  nomenclature  used  within  this  section  is  as  follows: 


A 


d 

de 

exp 

fF 

f  (  v  ) 

g 

G 

h 

K 

L 

m 

P 

Pr 

Pt 

q 

R 

Re 

s 

T 

Tt 

UA 


area,  ft2 

specific  heat  at  constant  pressure,  Btu/lbm,  °R 
the  differential  of  a  variable 
hydraulic  diameter,  ft 
exponential  (e) 

Fanning  friction  factor,  nondimensional 
velocity  mismatch  factor,  nondimensional 
acceleration  of  gravity,  ft/hr2 

gas  mass  flow  velocity  through  the  heat  exchanger, 
lbm/hr  ft2 

convective  heat  transfer  coefficient,  Btu/nr-f t2-° R 

pressure  loss  coefficient,  lbf/ft2 

length  of  convection-film-cooled  shingle,  feet 

mass  flow  rate,  lbm/hr 

static  pressure,  lbm/ft2 

Prandtl  number,  nondimensional 

total  pressure,  lbm/ft2 

heat  flow  rate,  Btu/hr 

gas  constant,  lbfft/lbm,  °R 

Reynolds  number,  nondimensional 

slot  height,  feet 

temperature  or  static  temperature,  °R 
total  temperature,  °R 

overall  rate  of  heat  transfer,  Btu/hr  °R 
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X 


distance  downstream  of  slot,  ft 
density,  lbm/ft^ 

density  at  standard  temperature  and  pressure,  lbm/ft^ 


P 

Pstd 

Subscripts : 


c 

- 

coolant 

cd 

- 

coolant  discharge 

f 

- 

fluid  film 

f' 

- 

adjacent  to  film 

g 

- 

mainstream  gas 

hx 

- 

heat  exchanger 

s 

- 

s  lot 

w 

- 

wall 

X+Ax 

- 

incremented  wall  location 

Figures  5a  and  5b  show  sketches  of  sectioned  convection-film-cooling  panel 
configurations  analysis.  Referring  to  the  element  shown  in  Figure  5c,  the 
heat  transfer  from  the  fluid  film  to  the  wall  is  equal  to  that  transferred 
from  the  wall  to  the  coolant  when  conduction  along  the  wall  is  ignored,  i.e 


9f  ~  hf^w  (Ttf-Tw)  ~  (h^hx  (Tw-Ttc) 


(67) 


The  wall  temperature  can  be  solved  as: 

Tw  =  (UA)  [Ttf/(hA)hx  +  Ttc/(hfAw)J 


(68) 


where , 


(UA)  =  [l/(ha)hx  +  l/(hfAw) 


(69) 


The  heat  flow  from  the  heat  exchanger  to  the  plenum  coolant  is  low  be¬ 
cause  of  a  small  difference  in  temperature  with  a  relatively  low  plenum-side 
coefficient  of  convection.  The  heat  gained  by  the  heat  exchanger  coolant, 
due  to  the  predominance  of  the  heat  flow  from  the  film,  is  found  to  be: 


dq 


c 


m 

c 


C  dT 
p  tc 


(T  ,-T  )  dx 
t  f  w 


(70) 


When  subsituting  Equation  68  into  this  equation  and  rearranging,  the  equa¬ 
tion  becomes: 


L 


^tc^x+Ax 

dTtc 


(Ttc  -  Ttf) 


(Ttc)x 


tf  > 


(UA) 

",cCpL 


/ 


x+Wx 

dx 


(71) 
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(from  Plenum) 

(a)  COUNTERFLOW  CONFIGURATION 


Mainstream  Gas  Flow 


(from  Plenum) 


(b)  PARALLEL-FLOW  CONFIGURATION 


I  «  I 

x  x  +  dx 


(c)  ELEMENT  OF  COOLING  PANEL,  ENERGY  BALANCE  FOR  COUNTERFLOW  SCHEME 

Figure  5.  Convection-Film  Cooling  Scheme. 
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Holding  the  film  temperature  constant  over  the  incremental  distance  Ax  and 
integrating,  the  heat  exchanger  coolant  temperature  is  given  by: 

<Ttc>X+Ax«  Ttf  -  [Ttf-(Ttc)x]  exp  [  (UA)  Ax/ (mcCpL)]  ,  (72) 

where  the  average  film  temperature  over  the  increment  is  computed  by: 


Ttf  -  [(Ttf>  x  +  <Ttf)  X+AX]  /2  (73) 

The  film  temperature  is  evaluated  by  methods  presented  in  Section 
V.B.2.a,  where,  for  this  case,  the  computed  wall  temperature  becomes  the 
temperature  of  the  fluid  adjacent  to  the  wall;  and,  the  coolant  temperature 
becomes  the  coolant  discharge  temperature.  Therefore,  from  Equation  61,  the 
fluid  film  temperature  is: 


where  f(v)  is  defined  by  Equation  56.  The  variable  T^f  is  the  fluid  temper¬ 
ature  adjacent  to  the  cooling  film  as  demonstrated  by  the  temperature  pro¬ 
files  shown  on  Figure  5b. 

In  evaluating  the  variables  of  Equation  69,  the  characteristics  of  the 
plate-fin  material  configuration  selected  for  the  heat  exchanger  must  be 
known.  The  characteristics  of  several  types  of  conf ifurations  are  given  in 
References  18  and  19.  Heat  transfer  characteristics  are  presented  in  the 
form  of  (h/GCp)  (Pr)2/3  versus  Re.  The  physical  characteristics,  such  as 
heat  transfer  and  flow  area,  also  are  provided.  The  heat  transfer  data  pre¬ 
sented  are  for  the  same  rate  of  heat  transfer  occurring  on  both  walls  of  the 
heat  exchanger.  For  the  convection-film  cooling  method,  the  bulk  of  the 
heat  flow  occurs  across  only  one  wall.  Analytically  predicted,  the  effect 
of  heat  flow  from  only  one  wall  is  a  plate-fin  material  heat  transfer  area 
reduction  of  50  percent.  Predicted  wall  temperatures  compared  with  empiri¬ 
cal  data  show  this  reduction  to  be  more  nearly  60  percent.  Therefore, 

Ahx  =  0.4  *  (Plate-fin  material  heat  transfer  area).  (75) 

Reference  20  shows  that,  under  fixed  mainstream  conditions,  the  coefficient 
of  convection  along  a  surface  can  be  assumed  to  remain  constant  with  or 
without  a  coolant  film,  i.e.: 

hf  *  hg  (76) 
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A  coolant-flow-balance,  pressure-loss  analysis  is  conducted  by  subpro¬ 
gram  CONFILM  similar  to  that  for  film  cooling  in  Section  IV.C.l.a.  With  one 
difference  between  these  analyses  is  the  pressure  losses  which  occur  between 
the  coolant  plenum  and  the  slot  exit.  For  any  reasonable  design,  entrance 
losses  should  be  small  in  comparison  to  the  losses  which  occur  within  the 
coolant  flow  passage.  I’late-fin  heat  exchanger  characteristic  data  include 
the  Fanning  frictional  factor  (IF)  versus  He.  The  flow  through  this  system, 
related  to  a  series  pressure  loss,  is: 

mc  ~  S^tc  ^g ^  j  £  K-cd  pstd  *c  ^tcd  f  Pg  J 

'  1/2  (7?) 

*  fF  (t)  /(28V  i2o»“  chx)  )]  j 

The  coefficient  (KC(j)  includes  all  the  pressure  losses  which  occur  from  the 
downstream  end  of  the  heat  exchanger  passge  to  the  coolant  discharge  slot. 

The  subprogram  CONFLM  can  either  compute  the  total  coolant  flow  rate  or 
it  can  be  a  fixed  input  to  the  program.  If  the  total  flow  rate  is  fixed. 
Equations  63  and  64  are  solved  to  obtain  the  individual  slot  flow  rates. 
Equations  63  and  66  are  used  to  compute  the  overall  coolant  flow  balance 
in  a  manner  similar  to  that  described  in  Section  IV.C.l.a.  To  initiate 
the  computational  procedure,  initial  estimates  are  made  ot  the  heat  exchanger 
fluid  density  and  the  slot  discharge  temperature.  Initial  values  of  flow 
rate  are  computed.  The  gas  film  temperature  distribution  is  computed  utiliz¬ 
ing  Equation  74.  In  turn,  using  Equations  72  and  73,  the  temperature  distri¬ 
bution  of  the  heat  exchanger  coolant  is  computed  and  based  on  the  initial 
estimate  of  the  coolant  discharge  temperature.  The  computed  heat  exchanger 
entrance  coolant  temperature  then  is  compared  with  the  coolant  plenum  temper¬ 
ature  computed  from  Equation  66.  With  a  mismatch  in  temperature,  and  itera¬ 
tion  is  carried  out,  utilizing  Equations  66  through  77  for  each  surface  by 
revising  the  estimate  of  coolant  discharge  temperature  until  the  coolant  en¬ 
trance  temperature  converges.  Once  completed,  the  initial  estimates  of  heat 
exchanger  fl  lid  density  and  slot  discharge  temperature  are  repeated,  iterat¬ 
ing  until  temperature  values  converge.  The  wall  temperature  disribution  for 
each  surface  then  is  computed  from  Equation  68,  and  an  area-weighted-average 
surface  temperature  is  computed  for  each  surface  node  involved. 

The  subprogram  CONFLM  also  can  handle  the  parallel  configuration  shown 
on  Figure  5b.  The  basic  equations  are  identical,  with  the  exception  that 
the  sign  of  the  exponential  term  of  Equation  72  is  changed.  The  computa¬ 
tional  procedure  is  carried  out  in  a  manner  similar  to  that  for  the  counter¬ 
flow  configuration,  but  the  iteration  on  coolant  slot  discharge  temperature 
is  not  required. 
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3 .  Transpiration  Cooling  (TRANCL) 

The  cooling  of  a  surface  utilizing  a  transpiring  gas  is  computed  by  the 
subprogram  TRANCL.  The  empirical  correlation  for  air  injected  through  a 
porous  wall,  which  was  used  in  this  program,  is  presented  in  Reference  15. 

The  nomenclature  used  within  this  section  is  as  follows: 

A  -  area,  ft^ 

Cp  -  specific  heat  at  constant  pressure,  Btu/lbm,  °R 
F  -  injection  mass  flow  ratio,  (pV)w/)pV)g,  dimensionless 
h  -  convection  heat  transfer  coefficient,  Btu/hr-f t^-° R 
ii  -  number  of  surface  increments 

k'  -  porous  wall  loss  factor,  lbf/ft^Chr  ft2/lbm)l/n 

m  -  mass  flow  rate  lbm/hr 

n  -  flow  exponent  to  be  input,  nond imensional 
P  -  pressure 

p  -  porosity,  ratio  of  flow  area  to  surface  area 
q  -  heat  flow  rate,  Btu/hr 

R  -  gas  constant,  lbfft/lbm,  °R 

St  -  Stanton  number  (hg/pVCp) 

T  -  temperature  or  static  temperature,  °R 
Tr  -  recovery  temperature,  °R 

Tt  -  total  temperature,  °R 

V  -  velocity,  ft/hr 

z  -  dimens ionlelss  parameter 

p  -  density,  lbm/ft3 

pstd  “  density  at  standard  temperature  and  pressure,  lbm/ft3 

Subscripts : 

c  -  coolant 

c1  -  coolant  discharge 

g  -  mainstream  gas 

o  -  without  transpiration  cooling 

w  -  wall 

A  sectioned,  transpiring,  porous-wall  model  is  shown  in  Figure  6  and 
shall  be  used  for  discussion  purposes. 

The  heat  flux  by  convection  from  a  gas  to  an  uncooled  wall  is  deter¬ 
mined  by  the  equation: 


qo  /^w  =  hD  (Tr  -  Tw) 


At  steady-state  conditions,  heat  added  to  the  porous  wall  from  the  main¬ 
stream  is  removed  by  the  coolant  flow.  The  lateral  heat  transfer  by  condi¬ 
tion  is  assumed  to  be  zero,  i.e.,  no  temperature  gradient  exists  along  the 
wall.  The  heat  addition  from  the  mainstream  is  transferred  to,  and  carried 
off  by,  the  coolant  gas.  This  is  presented  by  the  heat  balance: 
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q  —  hA^  (Tj-— T^)  =  mc  ^pc  (Ttc1  ~  T^^.)  (79) 

For  a  good  design,  the  heat  transfer  efficiency  between  the  porous  wall  and 
the  coolant  passing  through  the  wall  will  permit  the  coolant  discharge  tem¬ 
perature  (Ttc)  to  approach  the  wall's  outer  surface  temperature  (Tw) 


Coolant  Supply  (mc) 
at  Temperature  Ttc 


Figure  6.  Transpiration  Cooling,  Sectioned,  Porous-Wall  Model. 

Assuming  this  to  be  the  case,  then  Equation  79  can  be  written  as: 

hAw  (Tr-Tw)  =  mc  Cpc(Tw-Tc)  (80) 

The  coefficient  of  convection  (h)  on  a  transpiration  surface  is  difficult  to 
obtain.  An  equation  derived  by  Reference  21,  compared  with  the  empirical 
data  presented  in  Reference  22,  relates  the  heat  flow  rate  to  a  surface  with 
and  without  transpiration  cooling  under  the  same  imposed  mainstream  condi¬ 
tions.  Correlation  is  provided  by  the  relationship: 


9o 


1  JF_ 

2  StQ 


(81) 


where : 

F=  (pc/Vc)/(pgVg) ,  (82) 

With  the  aid  of  the  continuity  equation  and  the  definition  of  Stanton  number: 

Sto  =  h0/(Cpg  PgVg) ,  (83) 
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the  ratio: 


F/St0  *  (Cpg  mc)/pAwh0)  (84) 

From  Equations  78,  80,  81,  and  84,  an  equation  defining  wall  temperature, 
in  terms  of  known  variables,  can  be  obtained,  i.e.: 

Tw  =  (Ttc+zTr)/(z+l)  (85) 

where , 


The  subprogram  TRANCL  solves  Equation  85  with  Equation  86,  for  wall  tempera¬ 
ture  distribuiton  based  on  the  coolant-flow  distribution  along  the  transpir¬ 
ing  surface. 

The  coolant  flow  conditions  are  established  by  this  program  in  a  manner 
similar  to  that  discussed  in  Section  IV.C.l.a.  The  same  options  are  avail¬ 
able  (i.e.,  the  coolant  flow  rate  fixed  or  computed  based  on  its  source  con¬ 

ditions).  The  pressure  loss  across  the  wall  is  computed  from  Equation  64. 
Since  the  mainstream  static  pressure  may  vary  along  the  surface  being  cooled, 
surface  increments  are  taken  by  the  program  which  permit  the  coolant  flow 
rate  to  vary  along  the  surface.  The  flow  relationship  for  the  surface  incre¬ 
ments,  assuming  that  the  same  plenum  feeds  the  complete  surface  is  found  to 
be : 

\~1  1(/n 

pstd  ^c  Ttc)J  (87) 

where  the  total  coolant  flow  rate  is: 
ii 

\  =  X  Aci  (88) 

i=l 

If  the  coolant  flow  rate  is  fixed  by  the  user,  Equations  87  and  88  are  solved 
to  provide  flow  for  each  surface  increments.  When  the  program  is  required  to 
compute  the  coolant  flow  rate,  these  equations  (in  conjunction  with  Equations 
65  and  66)  are  solved  in  a  manner  similar  to  that  presented  in  Section 
IV.C.l.a. 


mci  Aci  iT  Pg  (  Ptc — ^g )  /  ( k 
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D.  Exhaust  System  Radiation  (NVIEW) 

Kadiant  energy  is  interchanged  between  the  internal  surfaces  of  the 
exhaust  system  and  is  emitted  from  the  exhaust  system  surfaces  to  a  remote 
detector.  Internal  radiation  is  required  for  an  internal  surface  heat 
balance  which  produces  the  surface  temperature  distribution  within  the 
exhaust  system.  The  irradiation  incident  upon  the  detector  provides  the 
signature  of  the  particular  exhaust  system  under  investigation.  The  most 
difficult  parameter  to  compute  is  the  radiation  view  factor. 

1 .  View  Factor  Calculations  (VIEW) 

Heat  transfer  texts  define  the  view  factor  between  a  radiating  black 
surface  A,  and  a  receiving  black  surface  B,  as  that  fraction  of  the  radia¬ 
tion  that  leaves  A  and  arrives  at  B.  For  bodies  which  are  gray  bodies  (that 
is,  their  eraissivit ies  are  constant  with  respect  to  radiation  wave  length), 
the  black-body  view  factors  can  be  used  in  combination  with  the  emissivities 
of  the  surfaces  to  arrive  at  a  parameter  F(A,B),  which  expresses  the  net 
fraction  of  the  radiation  which  leaves  A  and  is  absorbed  by  B.  The  black- 
body  view  factor,  therefore,  is  a  key  parameter  to  radiation  heat  transfer 
computat ions . 


Tie  defining  equation  for  the  view  factor  between  two  surfaces  is  given 
by  Equation  89: 


1-2  A 


t  /  / 


cos  9j  cos  82 


dAL  dA2 


a2  al 


The  nomenclature  used  in  Equation  89,  and  the  computer  program  name 
used  for  each  variable,  are  listed  below: 


Fi_2,  F(J,K)  -  The  surface  radiation  view  factor  between  the  radia¬ 
tion  source  surface  (J)  and  the  radiation  receiving 
surface  (K)  J=1 ,  K=2. 


Ai ,  A(J)  -  The  surface  area  of  the  radiation  source  surface. 

A2 ,  A(K)  -  The  surface  area  of  the  radiation  receiver  surface, 

n,  PIE  -  The  constant  3.141592653589793 


dAj ,  dA2  (no  computer  name)  -  infinitesimally  small  areas  respectively 

on  surfaces  1  and  2  (Figure  7) 
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p  -  (Computer  name  RH^) 


the  distance  between  the  two  areas  dAj  and 
dA2  ( see  Figure  7) . 

0[  -  (No  computer  name)  -  the  angle  between  the  outward  normal,  N[, 

on  the  radiating  surface  and  the  line  of 
length,  p,  between  dA^  and  dA£  (see  Fig¬ 
ure  7)  . 

©2  -  (No  computer  name)  -  the  angle  between  the  outward  normal,  N£, 

on  the  receiving  surface  and  the  line  of 
length,  p,  between  dAj  and  dA2  (see  Fig¬ 
ure  7). 


Z 


X 


Figure  7,  Geometry  Parameters  Used  in  the  Definition  of 
the  View  Factor. 


We  now  seek  to  evaluate  the  quantities  in  the  integrand  of  Equation  89. 
We  do  this  for  a  typical  axisymmetric  subsection  of  the  exhaust  system  which 
is  either  a  frustrum  of  a  cone  or  a  disc.  First  we  restrict  our  attention 
to  frustrums. 


A  frustrum  is  shown  m  Figure  8  to  define  the  variables  to  be  used  in 
describing  the  frustrum. 


Z 


Figure  8.  Frustum  Geometry  Variables. 


The  frustrum  variables  and  their  corresponding  computer  names  are  as  follows 


Yui,  YU(I) 


Yj)i ,  YD(I) 


rut,  RU(I) 


Axial  distance  from  the  reference  plane  to  the  upstream 
end  of  the  frustrum.  1=1  for  the  source  node;  1=2  for 
the  receiver  node. 

Axial  distance  from  the  reference  plane  to  the  down¬ 
stream  end  of  the  frustrum.  1=1  for  the  source  node; 

1=2  for  the  receiver  node. 

Radius  of  the  frustrum  at  its  upstream  end.  1=1  for  the 
source  node;  1=2  for  the  receiver  node. 


rDi,  RD(I) 


Radius  of  the  frustrum  at  its  downstream  end.  1=1  for 
the  source  node;  1=2  for  the  receiver  node. 


r 1  £ ,  (RI  for  node  1,  R2  for  node  2)  -  Radius  of  the  frustrum  at  any  Y. 


$i  (PHI1  for  the  source  node  surface)  -  an  angle  that  determines  cir¬ 

cumferential  positions  on  the  frustrum.  ( 1= 1  for  the 
source  node;  1=2  for  the  receiver.) 

Y{,  (Yi  for  source  node,  Y2  for  receiver  node)  -  Axial  distance  from  a 
given  reference  plane. 

For  a  disc,  Y^i  =  and  we  require  that  r^i  >  rui • 


li  Ui  Ypi-Yyi 


,  rDi-rUi  /v  „  N 
+  —  x  (Yi  -  Yui) 


(90) 


From  the  geometry  of  Figure 


8,  we  see  that 


rli 


+ 


A 


(91) 


Let  us  now  define  a  vector  p  to  be  a  vector  of  length  p,  as  shown  in  Fig¬ 
ure  8,  which  has  the  direction  from  differential  area  dAj  to  differential 
area  dA2 .  The  equation  for  p  can  be  defined  in  terms  of  the  position  co¬ 
ordinates  of  the  differentials  dA^  and  dA2 ,  and  is: 

p  =  (X2~Xi )  1  +  (Y2-Yy)  j  +  (Z2-Zi )  k  (92) 


where 

X2  (has  the  computer  name  X2  for  the  receiver  node) 

X}  (has  the  computer  name  Xl  for  the  source  node) 

Z2  (has  the  computer  name  Z2  for  the  receiver  node) 

Z^  (has  the  computer  name  Zl  for  the  source  node) 

i  (no  computer  name)  the  unit  vector  along  the  x  axis 

j  (no  computer  name)  the  unit  vector  along  the  y  axis 

k  (no  computer  name)  the  unit  vector  along  the  z  axis 

The  orientation  of  the  normal  vectors  and  N2  (see  Figure  7)  in  space 
must  be  known  as  well  as  the  position  the  line  p,  or  the  vector  p,  in  order 
to  determine  the  values  for  cos  0,  and  cos  ©2  of  Equation  176.  This  can  be 
done  by  finding  the  direction  cosines  of  Nj  and  N2  with  respect  to  the  X-Y-Z 
axes  of  the  problem.  The  angles  between  N;  and  the  X-Y-Z  axes  are  displayed 
in  Figure  9.  (the  variables  a,  6,  and  y  have  no  computer  program  names.) 


i 


z 


Figure  9.  Direction  of  Cosine  Angles  Defined. 

It  can  be  shown  that  if  Nj^  and  N2  are  vectors  of  unit  length  then: 

=  cos  m  i  +  cos  Bi  j  +  cos  yj  k  (93) 

and , 

N2  =  cos  a2  i  +  cos  B 2  J  +  COs  02  ^2  (94) 

where,  cos  al  has  the  computer  name  CA1 

cos  Bl  has  the  computer  name  CB1 

cos  yi  has  the  computer  name  CGI  and 

cos  <*2  >  cos  B2  >  an<*  cos  r2  do  not  have  computer  names 

The  evaluation  of  the  direction  cosine  is  based  on  information  drawn 
from  texts  on  calculus.  This  information  says  that,  given  a  surface  whose 
coordinates  may  be  written  functionally  as: 

f  (X,Y,Z)  =  0, 

then,  the  outward  normal  to  the  surface  is  given  by  the  following  relationship 


N 


k 


af 

3Z 


— 5 - 

af  jf 

3Y  3Z 


1 


It  then  can  be  shown  that: 


cos  a 


3f 

3X 


1  ,  2 

„  2 

2 

J(3f)  + 

/  af  \  +  | 

(  3  f  \ 

|  V  3X  ^ 

V  3Y  / 

v  az ) 
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A2  (computer  name  is  A2)  as: 


A2  = 


-  (rD2  -rU2 ) 


^  ^YD2-YU2^2  +  (rD2-rU2y 


(106) 


B^  (computer  name  is  Bl)  as: 


B2  H 


(yd^yuO 


V  (YDi-YU^2  +  yDl-rUiy 


B2  (computer  name  is  B2)  as: 


(107) 


B„  = 


(YD2-YU2) 


y  (yd2-YU2)  2  +  ^r D2_rU2)i 


(108) 


So , 


*i  : 
cos  a  =  — r  B 
1  r  1 1  1 


X2  - 

COS  “2  =  7T2  B2 


COS  81  =  kl 


cos  32  =  A2 


(109) 


Zl  - 
cos  T ,  =  — r—  B 
1  r  1 1  1 


Z2  - 

C0S  Y2  =  TT2  B2 


Because  the  geometry  of  the  frustum  is  axi symmetric ,  it  is  convenient  to  uti¬ 
lize  cylindirical  coordinates  to  facilitate  the  integration  of  Equation  89. 


For  cylindrical  coordinates: 
Xj  =  rli  cos 

Zj  =  rlj  sin  ij> j 


*2  =  r^-2  cos  $2 
Z2  =  rl2  sin  412 


(110) 
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where,  cos  0i  has  the  computer  name  CPI,  and 
sin  has  the  computer  name  SPl. 

Equation  196  then  becomes: 


cos  ai  =  Bi  cos  0i 


cos  Bi  =  Ai 


cos  yi  =  Bi  sin  0i 


cos  a2  =  B2 


cos  02 


(111) 


cos  B2  =  ®2  =  A2 


(112) 


cos  Y2  =  B2  sin  02 


If  the  normal  £_o  the^inside  of  the  frustum  is  required  for  either  sur¬ 
face,  the  signs  of  A  and  B  are  changed  for  that  surface.  This  situation 
is  detected  within  the  program  by  an  input  variable  VECT  (I),  1=1  for  the 
source  node,  1=2  for  the  receiver  node.  If  the  outside  of  a  frustum  surface 
is  of  concern,  VECT  (I)  =  +1  for  that  surface.  If  the  inside  of  a  frustum 
surface  is  of  concern,  VECT  (I)  =  -1  for  that  surface. 

We  can  write: 


Ni  =  Bi  cos  0i  i  +  Ai  j 


+  B  isin 


k 


and  , 


(113) 


N2  =  B2  cos  02  i  +  A2  j 


+  B2  sin  02  k 


Using  Equation  110  with  Equation  95,  we  can  express  p  in  cylindrical 
coordinates  as: 


^rl2  cos  02  -  r  1 1  cos  0^  i  +^Y2-Y1^  J 
+  ^rl2  sin  02  -  rli  sin  d^  k 


(114) 


We  can  now  determine  cos  0i  and  cos  02  from  the  following  vector  dot 
product  definitions  and  Equations  113  and  114: 


p  •  Ni  =  | p |  | N |  cos  0i 


(115) 
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The  elemental  area  is  formed  by  two  planes  that  are  normal  to  the  Y 
axis  and  two  planes  which  contain  Y  axis  and  have  dihedral  angles  <|>  -  d <J> / 2 
and  $  +  d<p/2  with  respect  to  the  X-Y  plane. 

The  elemental  area  is  essentially  a  trapezoid.  Therefore  (i=l)  for  the 
source  node,  i=2  for  the  receiver): 


dA. 

i 


+  S„.)  dh. 
Di  1 


(123) 


where  , 

dhi  =  the  slant  altitude  of  the  element  for  angle  <(4, 


S  .  =  r 1 .  d$ . 
Ui  11 


dr  1 ; 

=  I  rl.+  — -  I  d <t> _ 


Di 


i  dY; 


and , 


I  <sui*  sDi>  •  rIi  *T34ldvl  d*l 


(124) 


Now,  define  a  vector  dh^  of  length  dh{  which  lies  in  a  plane  at  angle 
to  the  X-Y  plane  and  also  lies  on  the  surface  of  the  frustum. 


able 


Now  let  us  introduce  the  unit  vectors  i^,  j,  and  ir 
for  analyses  in  cylindrical  coordinates  (see  Figure 


which  are  more  suit- 

11). 


Z 


Figure  11.  Unit  Vectors  for  Cylindrical  Coordinates. 


We  can  write  in  term  of  i 


i 0 >  and  j: 


dhj=  drlj  ir  +  Oi^  +  dV j  j 
From  Equation  90  we  will  find  drl 


(rDj-RUi) 


dY. 


i  ( Yf);  -YU| )  i 


(dh.)2  =  (dh.)  •  (dh.)  = 
1  11 


(rDj-rUj)' 

(YDi-YUi)1 


+  1 


dY. 

l 


or, 


dh. 


dY£  ^ (rDi-rUi)2  +  (YDj-YU 2  dY{ 

=  — 


YDi-YUi 


Now  substitute  Equations  212  and  211  into  Equation  210  to  obtain: 


r 1 i  1  dr  1 i 

dA.  =  - —  dY . d 4> .  +  — 

l  g  i  l  2  dYi 


d  Y  .  d  4>  . 


dYi  r 1 i 


dY.d* . 


1  1  Bi  6i  i  i 


YDi 

-■/ 


YU  i 


rLl 

*1 


dY, 


/ 


<i>l= 2  it 


d<(>  ^  =  2tt 


♦  1=0 


YD,- 


/ 


YUi 


rli 

Bi 


dY. 


Substitute  Equation  90  into  the  above  equation  to  obtain: 


A,  = 


YDi 

-  / 

Bi  J 


YUi 


(rDj-rU!)  _  (rDl-rUl) 

L  1  (YDi-YUi)  1  ^YDi-YU^  1 


dY, 


(125) 


(126) 
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or, 


A1  = 


B1 


rU j  +  rDjJ  I  YD[-YU1 


Substitute  Equation  107  into  Equation  127  to  obtain: 
Aj  =  n  ^rl^+rD^  ^YD^Yl^j  2  +  ^rD^rU^  2 


In  a  similar  manner,  it  can  be  found  that: 

A2  =  it  ( rU2+rD2^  (  YD2-YU2V  +  /  rD2-rU2^2 


(127) 


(128) 


(129) 


Equations  128  and  129  are  used  in  the  program  to  find  A^  and  A2 . 

We  are  now  in  a  position  to  rewrite  the  integrand  of  Equation  89  in  terms  of 
variables  which  are  suitable  for  integration  in  cylindrical  coordinates.  This 
expression  is  obtained  by  substituting  Equations  121,  122,  120,  and  126  into 
Equation  89: 

B^rl2cos  (<l>2— — B^rl  ^-*-(y  2~  Y  i  )  A 
rl2+rl2-2rl2rl1cos  (<t>2~|tll)  +  (Y2"Y1 )  2 


rlf+r  l2-2rl2rlicos(<}>2-<j)i)  +  (Y2-Yi)2 


1-2  A, 


♦l, 


YDj  YD2  <t>2) 


III! 

t,lo  ™1  yu2  *2,1o 


B2r  1  ^cos(<t>2-it>i)  -B2rl2-  (Y2-Y^)  A2 


1 

x  —  X 
IT 


rl2+rl2-2r  l2rlicos  ^2-<t>i^+^Y2-Yi^2 


X 


rljdiji^dY^  r  1 2d  Y  2d  <|>  2 


(130) 
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where  “J*  1 ,  up  >  ^2  up>  ^l,lo’  ant*  ^2,]o  aie  appropriate  limits  for  and  $2  to 
be  determined  in  subsequent  analyses. 


We  now  seek  to  simplify  the  integrand  of  Equation  130.  Consider  first 
the  product  of  the  two  numerators: 

[B1rl2cos(*2-*1)-B1rl1+  (Y^Y^J  *  [  )  -  ^2  (  VYl)*2 

=  BlB2rllr12cos2  («2-*i)  -Bj  1  2  cos  (♦  2-<t>  }  ) 

+  B^rl^Y^)  cos  (*2-^)  -B1B2rl2cos 
+  B1B2rl1rl2-B2A1rl2(Y2-Y1)-B1A2rl2(Y2-Yi)cos(«2-«i) 

+  wMvV  -wvyi)2 

=  cos2(^2-^)  +  -B1B2rlj+B2A1rl1(y2-Y1) 

-  BiB2rl2  “  BlA2rl2^Y2_Yl  ^  cos  ( L  ) 

+  BlB2rllrl2'B2Alrl2(Y2"Yl)  +  BiV11(Y2’Y1) 

-  V2(vyi)2 

We  now  define: 

::  :  BiB2r^lr^2  w*iere  the  computer  name  for  CI^  is  CI1.  (131) 

"lAlrMVYl)'BlB2rll  •  BlB2rll2  '  BlA2rl2(VYl)  (132) 
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where  the  computer  name  for  CI2  is  CI2. 


Cl  2  =  B^f^r  1 1 r  I2' 


“2Slrl2 


(V2-V,)  •  i,;2rll(Y2-V1)-;ii2(v2-Yl) 


(133) 


where  the  computer  name  for  CI3  is  CI3. 

Now,  consider  the  terms  of  the  denominator: 

We  define: 

C  =  rlJ+rl2+(Y2-Y1)2  (134) 


where  the  program  name  for  this  group  is  also  C. 

Let  D  =  2rl2rlj  (program  name  =  D)  (135) 

Equation  217  can  now  be  written: 


1 

r* l,up 

r 

YD2 

*2,  up 

Cllc°s2(^2-^l) 

irA^ 

i 

M,lo 

j 

YU1 

J 

YU2 

/ 

92,1o 

[c-Dcos(42-«2)]2 

(136) 


+  C12COSl 

(V*l)  . 

C13 

rl1rl2d*2dY2dY1d*1 

/  \2 

r  / 

-  - 

C-Dcosj 

[c-Dcos^-^  | 

B1B2 

Consider  the  evaluation  of  the  first  integration;  that  is,  the  integra¬ 
tion  with  respect  to  412  where  Y3,  ((>3,  and  Y2  are  assumed  to  be  held  constant. 

We  now  define  <J>  =  <j>2~<j>3  (no  computer  name  for  ♦)  (137) 


For  integration  with  respect  to  4> 2  alone: 
d$  =  d<(>2 


(138) 


Also,  when: 


*2  =  *2,lo’  ♦  lo  "  ^2 , lo  ~  *1 


♦2  =  ^  2 , up  *  ♦  up  =  ♦2, up  *1 
The  first  integral  then  becomes: 


/♦up  p  2„ 

I  Cjjcos  $  Cj2cos<j> 

|(c-Dcos$)2  (c-Dcos|)2 

A  _  • — 


(139) 


C°  i' 

7 - \2  d* 

^  C-Dcos0  J 

The  computer  name  for  EI2q  is  EI20. 


We  now  define: 


(140) 


/♦up 

(t \ 


_ cos  ^  d ^ 

(c-Dcos$ )2 


(141) 


cos  a  d$ 
( C-Dcos£ )2 


(142) 


-f 


(c-Dcos$  y 


(143) 


Computer  names  for  EI1(  EI2,  and  El4  are  Ell,  EI2 ,  and  EI4,  respectively. 
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We  now  integrate  Equations  (141),  (142),  and  (143).  Let  us  uefine: 


X  =  tan  ($/2)  (144) 

Then,  since  tan^  ($/2)+l  =  sec^($/2)  from  trigonometry,  we  see  that  (145) 

1+X2  =  sec2(*/2)  =  - -  (146) 

cos  (4>/2) 

We  also  know  from  trigonometry  that: 

♦  l+cos4> 
cos-=  2 

or 

2  -  ^ 

2  cos  ( ♦ / 2 ) — 1  =  cost  (147) 

Combining  Equations  233  and  234,  we  find: 


cos 


_2 _  _  1-X2 

l+x2  "  i+x7 


From  Equation  145,  we  have: 

$  =  2  *  arc  tanX 
and,  then: 


(148) 


(149) 


We  now  substitute  Equation  148  and  149  into  Equation  141  to  evaluate  EI4: 
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or 


= 


EI4  = 


CN 

X 

1 

fM 

)2, 

dX 

(1+x2)[(c-d) 

♦  1 

(H 

ii - 1 

CM 

X 

(151) 


We  must  expand  the  integrand  expression  of  Equation  150  into  partial  frac¬ 
tions  in  order  to  integrate  Equation  150: 


(  2' 

2V1-X  y 

I2 

(i+x2) 

'  [ 

(c-d)+I 

;C+D) 

IX2' 

(152) 


A+BX  E+FX _  _ G+HX _ 

(i-X2)  [(C-D)  +  (c+d)  X2]  [( C_D)  +  (C+D)  X2]2 

where  A,  B,  E,  F,  B,  and  H  are  constants  to  be  determined 
Clearing  the  fractions  from  Equation  151  yields: 

2 

2-4X2+2X4  =  (A+BX)  [(C-D)+(C+D)X2) 

=  (¥+?X)(l+X2) [(C-D)+C+D)X2) 

+  (G+HX)(1+X2) 

After  some  algebraic  manipulation,  we  obtain: 


2-4X2+2X4= 


+ 


+ 


+ 


+ 


+ 


[ A(C-D)  E(C-D) +G] 

[‘b(c-d)2+7(c-d)+h]x 

12(C-D)(C+D)+A+2EC+G]X2 

[2¥(C-D)(C+D)+2FC+H]X2 

[a(c-d)2+e(c+d) ]x4 
[B(C+D)2-(C+D)F]X5 


If  we  now  set  the  coefficients  of  equal  powers  of  X  on  the  left  and  right  of 
Equation  _(_1 5_2_)  equal,  we  obtain  the  following  set  of  simultaneous  equations 
in  A,  B,  E,  F,  G,.and  H. 
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2  =■  (C-D)2  A  +  (C-D)E  +  G 
0  =  (C-D)2  B+(C-D)F  +  H 
-4  =  2(C  d)(c+d)a  +  2CE  +  G 

0  »  2  (C-d)  (C+d)I  +  2CF  +  H 
2  =  (C+D)2  A  +  (C+d)  I 
0  =  (c+d)2  I  +  (c+d)f 


(153) 

(154) 

(155) 

(156) 

(157) 

(158) 


We  now  solve  the  above  set  of  equations  for  A,  B,  E,  F,  G,  and  H. 

From  Equation  244,  F  =  -(C+D)  B 

Substitute  Equation  245  into  Equation  241  to  get: 

H  =  2D(C-D)  B 

2— 

Substitute  Equations  158  and  159  into  Equation  156  to  get  -4D  B  =  0. 
ing  rl2  ar>d  rl^  do  not  equal  zero  (see  Equation  142),  then  d  j4  0  and. 


(159) 


B  =  0, 


H  =  0, 


and  F  =  0 


Assum- 


(160) 


From  Equation  157  we  can  obtain: 


E  "  )  ~  (C+D)A 

Substitute  Equation  248  into  Equation  240  to  get: 
G  =  2D(OD)  A  = 

Substitute  Equation  248  into  Equation  243  to  get: 


(161) 


(162) 


0-  2D  (CD)  A  .-ip 


(163) 


Now  solve  Equations  162  and  163  simultaneously  to  get  A  =  (2/D^) 


d(  c+d') 


(164) 


and  with  Equation  161,  find  that: 


-  -2C-4CD 

E  =  - » - 

D  (C+D) 


(165) 
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We  can  write  Equation  151  as  follows: 


2( 1 -X  ) 


(1+X2) [C-D)+(C+D)X2] 


(2/D2) 

1+X2 


(167) 


-2C  -4CD 

d2(c+d) 


4C 


D( C+D) 


[(C-D)*(CD)X2)  [(C-D)+(C+D)X2,2 


The  integral  EI^  (see  Equation  150),  now  amounts  to  integrating  each  one  of 
the  terms  in  Equation  167. 

From  a  table  of  integrals,  we  can  find  that: 


(2/D  )dX  2 
- r -  =  —  arc  tan  X 

(l+X^)  D^ 


(168) 


In  a  similar  way, 


-2C  -4CD 


dX 


d2(c+d)  [(c-d)(c+d)x2] 


-2C  -4CD 

d2(c+d)(c-d) 


V/  C-D 
C+D 

+  C-D 


dX 
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(169) 


Now,  consider: 
4C2 

D( C+D)  x  " 


dX 


[ (C-D)+(C+D)X 


2]' 


(170) 


4C 


D(C+D)(C-D)‘ 


/■ 


dX 


, .(C+D)  „2 

1+Tc-d)  'x 


To  integrate  Equation  170,  we  make  a  change  of  variable,  let: 


so  that : 


2  2 
sec  W  =  1+tan  W 


1 


+ 


C+D 

C-D 


(172) 


From  Equation  258: 
tanW 

and 


1  C-D 


sec  WdW 


VC+D 
C-D 


so : 


dX 


I  C-D 
‘V  C+D 


sec  ^WdW 


(173) 


(174) 


(175) 


Upon  substituting  Equations  175  and  172  into  Equation  170,  we  obtain  the 
following  form  of  integral: 


4C‘ 


D(C+D) (C-D)  ‘ 

,2 


4C 


D(C+D)(C-D)i 


_ dX 

I",.  (C+D) 

1+  ic^y x 

1  C+D  J 


Now, 


/ 


cos^WdW 


4C 


l+cos2W 


cos  WdW 


dW  =  ^  +7-  sin2W 
2  4 


D(C+D)(C-D) ‘ 
, 2 


4C 


m  / 

I C— D  (  W 

V  C+D  l  2 


D(  C+D) (C-D) 

From  Equation  260,  we  have: 

C+D  „ 

W  =  arc  tan  X 


cos  WdW 


sin2W 


and,  from  the  sketch  below,  we  see: 


(176) 


(177) 


(178) 
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and, 


cosW 


JTT^ 

If  C-D 


We  now  note  from  trigonometry  that 
sin  2W  =  2  sinW  cosW 

i 

Therefore : 


sin  2W  = 


H£§)‘2] 


(180) 


(181) 


(182) 


(183) 


We  can  now  substitute  Equations  179  and  183  into  Equation  178,  which  is 
equivalent  to  Equation  170  to  get  the  result: 


4C~ _ 

D(C+D) (C-D) 2 


2C 


D(C+D) (C-D) 


2C 

d(c+d)(c-d) 


(C-D)+(C+D)X 


(184) 
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Equation  168,  169,  and  184  are  the  integrals  to  the  three  terms  of  Equa¬ 
tion  167.  Because  integration  of  Equation  167  is  equivalent  to  Equation  150, 
we  can  write: 


CT  -  2  ___  (-2CN-4CD)  |  C-D  .  /  /C+D~  „ 

El.  -  —  arc  tanX+  — - -  ^  — —  arc  tan  *1——  X 

4  D2  D2(C+D)(C-D)  »  C+D  \1C-D 


2C  C-D  _  J  C+D 

+  - x  %  -x—x  arc  tan  I  4/———  X 

D(C+D)  (C-D) 2  1  C+D  \*C-D 


(C-D)(C+D)X 


(185) 


We  desire  to  express  Equation  185  in  terms  of  4,.  We  can  accomplish  fhis  by 
using  Equation  145  and  the  fact  that: 


$  =  2  arc  tanX 

When  this  is  done,  we  obtain: 


nr  _  5  .  2C  C-D  _  /C+D  .  J 

•  £  *  -„-2rc:i»'(C-D)2  VcTd  2 


(186) 


tan 


D(CrDXX-D)2  [l^a„2](i) 


(187) 


Which  is  the  result  desired  for  Equation  228. 

For  purposes  of  computation  of  Equation  274  in  the  computer,  the  follow¬ 
ing  variables  are  defined: 

(computer  name  PHIU) 

(computer  name  PHIL) 


SU2  (computer  name  SU2)  =  sin  ($up/2) 
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CU2  (computer  name  CU2)  =  cos  ($Up/2) 


TU2  (computer  name  TU2)  =  SU2/CU2)  =  tan  ^  ^ 


up 


The  reader  should  recall  that  the  computer  does  not  have  a  tangent  func¬ 
tion  in  its  library. 

Likewise : 

SL2  (computer  name  SL2)  =  sin  (  ^Q/2) 

CL2  (computer  name  CL2)  =  cos  (t^/2) 

TL2  (computer  name  TL2)  =  SL2/CL2 
We  also  define: 

CMD  (computer  name  CMD)  =  (C-D) 

CPD  (computer  name  CPD)  =  (C+D) 

Ql  (computer  name  Ql)  =  CPD/ CMD 
Q2  (computer  name  Q2)  =  CMD/ CPD 

SQi  (computer  name  SQl)  =  V5T-  Vif 
SQ2  (computer  name  SQ2)  Q2  =  ^ 

Q3  (computer  name  Q3)  =  2xC/(CPD  x  CMD)2  = 

Q4  (computer  name  Q4)  =  2xD/(CPD  x  CMD)2  = 

ATU2  (computer  name  ATU2)  =  SQj  x  TU2 


2C 


(C+D) (C-D)  ‘ 


2D 


(C+D) (C-D) ‘ 


C+D  ™  up 

C-D  tan  2 


ATL2  (computer  name  ATL2)  *  SQ^  x  TL2 

&-(¥) 


85 


AU  (computer  name  AU)  =  arc  tan  (ATU2) 


_  /C+D  (  ♦i 

arC  t3n  /c^D  ta°  (- 


A1  (computer  name  AL)  =*  arc  tan  (ATL2) 


arc  tan 


/c+d"  (ho\ 

y  C"D  ^  **  \  2  / 


Q5U  (computer  name  Q5U)  = 

t,n  Cir) 

«*  &  -2  (¥) 

Q5L  (computer  name  Q5L)  = 


(1+Q1xTU2)‘ 


U+QlxTi  )' 


In  terms  of  the  foregoing  definitions,  we  can  write  EI4  as  follows: 

2  2 

EI4  "  ^2  (♦up  '  ♦Lo)f  Q3  x  --2-D^2C-  }x  sQ2  x  (AU-AL) 

+  q3  x  x  (q5u-q5l) 


(188) 


We  now  proceed  to  integrate  Equations  142  and  143.  If  we  use  Equations  148 
and  149,  Equation  229  can  be  written 


2( 1-X  )dX 
[ (C-D)+(C+D)X2] 


(189) 


and  Equation  230  can  be  written 


■‘7 


2(1+X  )dX 
[(C-D)+(C+D)X2] 


(190) 
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/ 


up 


lo 


and 


l 

f 


up 


dX 

2 

X 

„UP 

r  dx 

2  2 

(C-D)+(C+D)X 

(C-D)2 

J  L  x2 

•  *lo  L  C-D  J 

2 

X2dX 

2 

X 

up  2 
/■  X  dx 

(C-D)+(C+D)X2 

2 

(C-D)2 

J  i  C+D 

Xlo  L  +  C-D 

x2 

But : 


V 

/ 


up 


sin 


2WdW 


W  sin2W 


2  4 


lo 


up 


lo 


W  sinW  cosW 
2  “  2 


up 


lo 


We  now  wish  to  replace  W  with  X.  From  Equation  281,  we  have: 
W  =  arc  tan 


*i(C+D)  y\ 

Vtc^dt  x 


The  sketch  shows: 


s  i  nW 


cosW 


Jc+2 

1C-D 


V 


,  C+D 

1  *  mt* 
i 


* 


(C+D) 

(C-D) 


Using  Equations  199,  200,  and  201,  we  can  rewrite  Equation  198  as: 


'191) 


(192) 


(198) 


(199) 


(200) 


(201) 
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Equation  197  becomes: 
X 


2/ 


up 


X2dX 


lo 


[<c- 


n,2  ,  (C+D)  „2 

D)  1+Tc^dT  x 


_  =  L  JC~D 

2  (C-D) ( C+D)  1  C+D 


j£±R 

If  C-D 


arc  tan  -  X  - 


(C-DMC+D)  [l.  <g2>  X2] 


up 


(203) 


JXlo 


Upon  substituting  Equations  193  and  203  into  Equation  189  one  obtains: 


El, 


/*  ,  2 

.  /  2(1-X)  dX 

JC'D  X  20  nr.  ,  [  [' 

j  r  2  2  3 

x  [(C-D)  +  (C+D)X  J 

' G+D  (c-d)2(c+d)  y 

lo 


X  + 


1  X 


2C 


(C-D)2(C+D)  l+j|^pj  x2 


up 


J  “lo 


(204) 


In  like  manner,  substitute  Equations  193  and  203  into  Equation  190  to  obtain 
the  following  equation: 


El, 


V 


C-D  „  2C 


C+D  (C-D) 2(C+D) 


*  arc  tan 


m 


x2  , 


2D 


(C-D)  (C+D) 


_  X 


1+21E  x2 

C-D 


up 


lo 


Now,  substitute  Equations  145  and  186  to  express  Equations  204  and  205  in 
terms  of  ♦: 


El, 


1C+D 


2D 


(C-D)2(C+D)2 


arc  tan 


('[C+D 
i 1  C-D 


♦ 

tan  — 


2C 


(i) 

tan  V  2  / 


♦ 

-I  up 


(C-D)  (C+D)  l+cl£  tan2  (T)  J 


(206) 


lo 
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(207) 


If  we  now  use  the  computer  variable  definitions  of  pages  84,  85,  and  86, 
we  can  write  Equation  293  as: 

EI2  =  SQ2  x  Q4  x  (Ay  -  Al)  +  Q3  x  (Q5u  -  Q5l’)  (208) 

and  Equation  215: 

EIX  =  SQ2  x  Q3  x  (Ay  -  Al)  +  Q4  x  (Q5u  -  Q5l)  (209) 


We  now  return  to  Equation  227,  and  rewrite  it  on  the  basis  of  Equations  228, 
229,  and  230  as: 

ei2Q  -  ci3  x  ei4  +  ci2  x  ei2  +  cx3  x  ei3  (210) 


where  CIi,  CI2,  and  CI3  are  defined  in  Equations  131,  132,  and  133,  and  Eli, 
EI2,  and  EI4  are  given  by  Equations  208,  209,  and  188.  The  Cl's  and  El's  are 
functions  of  Yi,  Y2,  and  $1. 

The  equation  for  the  view  factor,  Equation  136,  can  now  be  written: 


EI20rllrl2dVYldY2 

Si  Bo 


(211) 


for  given  values  of  Yi,  Y2,  and  .  If  we  take  advantage  of  the  symmetry  of 
the  problem,  we  can  find  EI20  using  half  the  range  of  the  $  limits.  Equa¬ 
tion  211  then  becomes: 


Fl-2 


El 


20 


rljr^d^dYjdYj, 

31  ®2 


(212) 


where  the  "2"  is  introduced  because  of  symmetry  arguments  which  will  be  dis¬ 
cussed  in  the  section  dealing  with  the  determination  of  the  integration  limits. 
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We  now  define: 


Gj  (computer  name  GI)  as: 

_  2  x  r12x  EI2q 
1  '  w  |B2| 

Equation  212  is  now  written: 


*l,lo  YU1 


d^^dY1dY2 

Hi 


(213) 


(214) 


Now,  consider  the  integration  with  respect  to  Y2  (see  Figure  12).  This  inte¬ 
gration  is  evaluated  by  a  numerical  integration  technique  called  the  Legendre- 
Gauss  Quadrature  formula.  For  integration  over  an  interval  of  AY2,  this  form¬ 
ula  is: 


GIdY2 


AY2 

nr 


SGjXY^+SGjXY^'  )  +  5G].(Y^"  ) 


(215) 


where  Y'1  is  the  midpoint  of  an  interval  of  length  AY2,  and  Yi'  is  from  Y'', 

1  _  AY  L  ^ 

_/15  lo 

and  Y^',  and  Yj,' 1  is  -  x  — j  fronl  Y2'*  i-3  to  understood  that 

GI  (Y^)  means  the  value  of  Cl  evaluated  for  Y2  =  Y^  . 

Computer  variable  names  associated  with  the  variables  of  Equation  215  are 

G^lY^)  ”  GL  ^comPuter  naine  GL) 


G_(Y')  ■  Gw  (computer  name  GM) 
I  L  M 

G  (Y')  ■  G  (computer  name  GR) 

I  L  K 


AY2  *  Dy2  (computer  name  DY2) 


Y2 


(YD2_YU2)/DIV2 


Djv2  [computer  name  DIV(2)]  is  an  input,  and  it  is  the 
AY2's  to  be  used  for  the  integration  over  the  receiver 
computer  named  NYD2.)  The  left  end  of  the  integration 
AY2  ■  Dy2  is  denoted  Yg  (computer  name  »  YK) . 


number  of  integration 
node  surface.  (Also 
interval  of  length 
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m**1  Interval, 


Figure  12.  Subdivision  of  Receiver  Node  Axial  Length  for 
Numerical  Integration. 


Figure  13.  Subdivision  of  Source  Node  Axial  Length  for 
Numerical  Integration. 


Interval  index  “  m  (computer  name  M,  PM). 

In  general. 

V  YK  *  VU2*(»-1>,DY2 

(216) 

Dv? 

Y'  »  Y  +  —  ( 1  -r  1 

*2  *K  2  U  LK1; 

(217) 

■  /l 5/ 5  (computer  name  =  CK.1) 

(The  computer  name  for  Yj  is  Y2) 

Yj'  *  VDY2/2  (218) 


(The  computer  name  for  Y^'  is  Y2) 

T-VtOV  <219> 


(The  computer  name  for  Y^'is  Y2) 
Equation  215  is  applied  repeatedly  to  obtain: 


R 


GIdY2 


m*D 

E 

m=l 


IV2 


AY  2 
18 


(5G  +8G  +5G  ) 

V  L,m  M,m  R,m  / 


(The  computer  name  for  R  is  R) 
Equation  214  now  becomes: 


(220) 


(221) 


Consider  the  integration  with  respect  to  Y^  (see  Figure  13).  (The  following 
applies  for  no  radial  support  shadowing!!)  We  use  the  Legendre-Gauss  numeri¬ 
cal  integration  formula  to  evaluate  this  integral: 


RdYi 


1 


11  ,  I  |bl|  18 


5rl  (Y|)R(Yp 


+8rl1(Yp)R(Y|')+5rl1(Y|")R(Y^")J 


(222) 
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where  Yj'is  the  midpoint  of  an  interval  of  length  AY^,  and  Y^  is  -/1 5/5  x 
AY^/2  from  Y^'.  It  is  to  be  understood  that  R(Yp  means  the  value  of  R  evalu¬ 
ated  at  Y^  *  Y|.  Computer  variable  names  associated  with  the  variables  of 
Equation  222  are: 

RL  (computer  name  RL)  »  R1 x (Y^ )R( Y^ )/ | B^ | 

RM  (computer  name  RM)  =  r  1^(Y| '  )R(Yj^ ' )/ |  | 

RR  (computer  name  RR)  =  rl^(Y^' 1 )R(Y^' *)/|B^| 

AY^  *  DY^  (computer  name  DYL) 

DYX  -  (YDX  -  YU1)/DIV1  (223) 

DIVj^  (computer  name  DIV(l)]  is  an  input,  and  it  is  the  number  of  integration 
AYj/s  to  be  used  for  the  integration  over  the  source  node  surface.  (Also 
computer  named  NYD1.) 

Ths  left  end  of  the  integration  interval  of  length  AYj  =  DY^  is  denoted 
Yj.  (Computer  name  =  YJ.) 

Interval  index  =  1  (computer  name  L,  PL). 

In  general: 

?x=  Y^  =  YU^U-1)  x  DYX  (224) 

DY 

Yj  =  Yj+  x  (1-CKX)  (225) 

(The  computer  name  for  Yj  is  YL) 

Yj'  =  Yj+DYx/2  (226) 

(The  computer  name  for  Yj'is  Yl) 

DY 

Yi"  *Yj+~2L*  (1+CKi)  (227) 

(The  computer  name  for  Yj''  is  Yl) 
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Equation  222  is  applied  repeatedly  to  obtain: 


(The  computer  name  for  Fp  is  FF.) 
Equation  221  now  becomes: 


(228) 


F 


1-2 


1 


FF  d*j 


(229) 


For  no-duct  shadowing,  FF  will  not  vary  as  varies.  This  is  due  to  the 
cylindrical  symmetry  of  the  problem.  For  given  values  of  Yj  and  Y2»  one  point 
on  the  circumference  of  the  source  frustum  sees  just  as  much  of  the  receiver 
frustum  as  any  other  point  on  the  circumference.  The  smallest  value  of  * 

♦  l,up  “  °>  and  the  largest  value  of  *  <)>l,up  =  2*. 


2*  FF 


1-2 


(230) 


By  the  reciprocity  relationship  of  radiation,  we  can  write  the  following  equa¬ 
tion: 


2-1 


Al  Fl-2/A2 


(231) 


( 1 )  Disc  Nodes  and  Frustum  Nodes 

The  discussion  so  far  has  dealt  strictly  with  the  determination  of  the 
integration  formulas  for  finding  view  factors  between  frustum  nodes.  We  now 
consider  the  modifications  of  the  integration  for  the  case  that  one  of  the 
nodes  is  a  disc.  The  geometry  of  a  disc  is  shown  in  Figure  14. 

The  disk  variables  and  their  corresponding  computer  names  are  as  follows: 

YU£,  YU(I)  »  axial  distance  from  the  reference  plane  to  the  plane  of  the  disc 
(I“l  for  the  source  node;  1*2  for  the  receiver  node).  YD^,  YD(I)  *  axial 
distance  from  the  reference  plane  to  the  plane  of  the  disc.  (1-1  for  the 
source,  1*2  for  the  receiver  node.) 
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Note  YUi  for  a  disc.  The  computer  uses  this  fact  to  discern  that  the  node  is 
a  disc  and  not  a  frustum  node. 

rUi,  RU(I)  *  inside  radius  of  the  node.  (1=1  for  a  source  node;  1=2  for  a 
receiver  node.) 

rD^,  RD(I)  ■  outside  radius  of  the  node.  (1=1  for  a  source  node;  1=2  for  a 
receiver  node. ) 


rl£  =  radial  location  on  the  disc  (Rl  for  node  1;  R2  for  node  2). 

♦i  =  an  angle  that  determines  circumferential  positions  on  the  disc  node  (PHI1 
for  the  source  node  surface).  (i=l  for  the  source  node;  i=2  for  the  receiver.) 


Yj  =  axial  distance  from  a  given  reference  plane  (Y1  for  node  1;  Y2  for 
node  2).  For  a  disc,  Yj.  =  YUi  =  YD{ . 


In  general: 


applies  here. 


(91) 


We  now  review  the  derivation  of  the  integration  formula  for  the  view  factor  be¬ 
tween  two  frustums.  We  will  see  that  many  formulas  derived  for  the  frustums 
also  apply  when  a  disc  node  is  involved. 

Equations  92,  93,  and  94  are  the  same  for  discs  as  for  frustums. 

Equation  95  now  becomes: 

f.  =  Y-YU^  =  0  for  rU1<X2+Z2<rD1  (95') 

Equation  96  becomes: 

3f . 

(96,) 

i 

Equation  97  becomes: 


Equation  98  becomes: 


(97') 


(98') 
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Equation  99  becomes: 


(99') 


Equation  100  becomes: 

cos3 .  *  0  ( 100' ) 

l 

Equation  101  and/or  Equation  102  becomes: 

cos0.  =  1  (lOl1)  or  (102') 

l 

Equation  103  and/or  Equation  104  becomes: 

cosy^  ■  0  (103')  or  (104') 

We  will  still  use  Equations  105  and  106  for  discs  as  well  as  frustums. 

We  see  that  because 

YQ.  -  YU.,  A.  =  -1,  and  B.  =  0 
l  i  i  l 

we  can  still  accept  Equations  107  through  112  for  discs,  provided  we  adopt 
the  following  convention  with  respect  to  the  normal  to  the  surface.  We  agree 
to  make  the  input  parameter  VECT(I)  negative  for  a  disc  node  if  the  outward 
normal  to  the  side  of  the  disc  of  interest  points  downstream.  If  the  outward 
normal  to  the  side  of  the  disc  of  interest  points,  upstream,  input  VECT(I)  =  +1. 
If  VECT(I)  is  positive,  the  signs  of  Equations  107  through  112  are  used.  If 
VECT(I)  =  -1,  the  signs  of  Equations  105  or  106  and  104  or  108  are  changed. 

Equation  113  can  be  ap'iied  to  a  disc  node,  if  A1  and  B  are  evaluated  as 
stated  in  the  foregoing. 

Equations  114  through  122  apply  both  to  discs  and  frustums. 

The  elemental  area  for  a  disc  node  is  different  from  that  for  a  frustum 
(~ee  Figure  15).  The  derivation  of  a  differential  area  on  a  disc  node  is 
given  here.  The  elemental  area  is  formed  by  two  arcs  of  radii  rl£  and  rl£  + 
drl£  and  two  radial  lines  set  at  angles  and  $£  +  d^i  to  the  X-Y  plane. 
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The  elemental  area  is  approximately  a  trapezoid. 


Z 


View  of  Element  as 
Seen  by  Sighting  Disc 
Along  the  Y  Axis 


Figure  15.  Geometry  Used  to  Determine  the  Expression  for 
the  Elemental  Area  on  a  Disc. 


Hence : 

dA-£  =  l/2(b2i+b]^)  dr^i 


where , 


b„.  =  (r  .  +  dr..)  d4> .  ;  b  .  =  r  .  d4> . 
2i  li  li  l  li  li  1 


and. 


dA.  =  1/2  (r. .+dr. .+r. . )  ♦.dr., 
l  li  li  li  l  li 


or. 


dA. 


r, .dt .dr. . 
li  i  li 


if  the  term  involving  higher-order  differentials  is  ignored. 


The  surface  area  of  a  disc  still  can  be  determined  by  either  Equation  128  or 
129  because,  for  YD^  and  YUi,  the  equations  reduce  to  A{  =  ir  (rDj^  -  rUj^) 
which  is  the  surface  area  of  a  disc  with  inner  and  outer  radii  rUi  and  rDj . 

We  see  that  the  expression  for  the  integrand  constituents  for  Equation  89 
is  now  known  for  disc  nodes  as  well  as  for  frustums.  If  we  evaluate  the  pa¬ 
rameters  and  (see  Equations  105  through  108)  correctly  for  discs  or 
frustrums,  then  the  equations  for  (Equation  120),  cos  0^  (Equation  121)  and 
cos  02  (Equation  122),  and  expression  for  dA^  and  dA2  differ  between  frustrum 
and  disc  nodes  (compare  Equation  126  with  Equation  213'). 


Let  us  now  define: 
cos  0^  cos  ©2 


From 

the 

will 

be 

Case 

(i) 

Case 

(2) 

Case 

(3) 

Case 

(4) 

the  source  node  is  a  frustum  and  the  receiver  node  is  a  frustum, 

the  source  node  is  a  frustum  and  the  receiver  node  is  a  disc, 

the  source  node  is  a  disc  and  the  receiver  node  is  a  frustum, 

the  source  node  is  a  disc  and  the  receiver  node  is  a  disc. 


The  forms  of  the  integral  are  written  here  for  each  of  the  foregoing 
cases : 


Case  1 : 


F  =  j- 

1-2  Aj 


Case  2: 


*>  Y  Y  4> 

vl,up  DI  D2  w2,  up 

fill 

dl,lo  YU1  YU2  d2,lo 


r12d»2dY2rlldYld»l 
ir  B2  B1 


(130' ) 


Fl-2  =  4- 
A1 


Y  r  6 
*l,up  DI  D2  2, up 

fill 

*1,10  YU1  rU2  *2,10 


r12d*2dr12rlldYld*l 
it  B, 


(232) 
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I 


Case  3: 


Vup  rDI  YD2  41 2,  up 


1-2  /  Iff  1 


rl2d<t,2dY12rl1dr1d^1 


(233) 


Case  4: 


"l.lo  rUl  YU2  <t’2,lo 


i  > up  rDl  rD2  ^2, up 


?i_2=^_  /  /  /  /  I  r12d4,2dr12rlldrlld»l 


(234) 


dl,lo  rUI  rU2  d2,lo 


we  note  that 


I  $d2  is  the  same  for  all  four  cases.  The  evaluation  of 


this  integral  has  been  discussed  for  Case  1.  We  note  in  particular  that  (for 
given  values  of  Y^,  rlj,  <t>i,  Y2,  and  rl2)  the  value  of  the  integral  can  be 
given  a  number,  and  we  represented  this  number  in  Equation  140  as  EI20.  That 


To  T 

^-2>UP  r  up 

=  J  I  d*  =  J  I  d* 


(235) 


As  for  Case  1,  Equation  212,  we  can  write  Equations  232,  233,  and  234 
follows: 


Case  2: 


l.up  Y  D1  1  D2 


-«-t  /  /  / 


rHri2dri2dYld*l 


(236) 


Case  3: 


*l,lo  YU1  rU2 


'l,up  rDl  YD2 


-  i;  /  /  / 


rur12dY2  drndn 


(237) 


‘  1 , 1 o  rUl  YU2 


t 


Case  4: 


^1 ,  up  rDl  ^2, up 

1  f  f  f  F  rllr12dr12drlldlh 
1-2  '  Aj  J  J  J  120  it 

*1,10  rUl  rU2 


(238) 


The  remainder  of  the  integrations  for  the  four  cases  are  numerical  integra- 
t ions . 


We  define  Gj  (see  Equation  213  for  Case  1)  as  follows  for  each  of  the 
cases : 


Case  2: 


GI  = 


2r12  EI20 


Case  3: 


G  =  2ryl  El20 

1  w | B2 | 


Case  4: 


G 


I 


2r 


12  EI20 


(239) 


(240) 


(241) 


As  for  Equation  301  it  is  now  written: 
Case  2: 


b  y  r 

Pl,up  D1  D2 


Iff 


'1,10  YU1  rU2 


tnGidri2dYidn 

\h\ 


Case  3: 


'  1 ,  up  rDl  YD2 


1-2 


kill' 

*1,10  rui  YU2 


llGIdY2drlldh 


(242) 


(243) 
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Case  4: 


tl.up  >  /D2 


/•  *  >  Z'  r 

~-hJ  J  J  V‘, 

*l,lo  rUl  rU2 


drl2drndn 


(244) 


/D2 

Gjdr2  for  Cases  2  and  4  (Equations  242 

rU2 

and  244)  is  discussed  below.  The  numerical  integration  of  /  GidY2  for 

YU2 

Case  3,  Equation  243  proceeds  just  as  illustrated  for  Case  1,  ending  with 
Equation  307. 

r. 


The  evaluation  of  I  Gjdr^  is  based  on  the  Legendre-Gauss  numeri- 
*' r. 


1  U2 


cal  integration,  just  as  the  /  GjdY2was 

yU2 


yD2 


The  key  difference  between  the  formulas  for  the  two  integrals  is  that  the 
parameter  rl2  is  substituted  for  Y  in  Equation  213  through  221. 

In  place  of  Equation  218,  we  will  write: 


r12+  Ar  12 


Ar 


G  dr 


12 


I  12  18 


12 


[5  Gi(ri2>  *  8Gi(r;i)  *  5Gi<rn'>] 


where  rj2  is  the  midpoint  of  an  interval  of  length  Arj^,  rj2  is 


/15  A  12  ,  ,,  .  ,,,  .  /I 5 

— p  — 2 —  from  r”  and  rjp  ls  — 5— 


from  r^2>  Computer  variable  names  associated  with  the  variables  of  Equa¬ 
tion  215  are: 


GI ^ r  l  2 ^  =  GL  ^con,Puter  name  GL) 
GI^rlP  =  GM  ^comPut-er  nan>e  GM) 
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GiCrj^')  =  (computer  name  GR) 

Arl2  =  DR2  (computer  name  DR2) 

DR?.  =  ( rD2  -  rU2)/DIV2 

DIV2  [computer  name  DIV(2)]  is  an  input,  and  it  is  the  number  of  integration 
Arl2's  to  be  used  for  the  integration  over  the  receiver  disc  surface  (also, 
computer  named  NYD2) . 

The  left  end  of  the  integration  interval  of  length  (Arl2  =  DR2)  is 
denoted  rl2K  (computer  name  RK).  See  Figure  16. 


Figure  16.  Subdivisions  of  Receiver  Node  Radial  Length  for 
Numerical  Integration. 


Interval  index  =  m  (computer  name  M  or  PM) 

In  general: 

?12  =  r12K  =  rU2  +  (m-U  °R2  (245> 


r 


12 


(1-CK1> 


(246) 


(The  computer  name  for  r ^  is  R2) 


r 


i  i 
12 


(The  computer  name 


for  r”  is  R2) 


(247) 
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r'  '  '  =  r  +  R2  (1  +  C  ) 
12  12K  2  ^  Kl 


(248) 


(The  computer  name  for  rj^'is  R2 .  ) 

Equation  215  is  applied  repeatedly  to  obtain: 


rD2  m.DIV2 

=  J  GIdr12  £  "rl  \  5GL,m  +  8GM,m  +  5GR,m  ] 

rll„  m=  1  L  J 


(The  computer  name  for  R  is  R.) 

Equations  243  through  245  now  become: 
Case  2: 


1-2  A, 


Case  3: 


’l.up  /D1 


f  f  ^ 

J  l  lBi 


RdY1d«(,1 


’l,lo  UI 


(249) 


1, up  -  D1 


F  =  — 
1-2  Ai 


I  I 

♦l,lo  "UI 


rllRdrlldh 


(250) 


Case  4: 


1-2  Ai 


l.up  -  D1 


I. 

*l,lo  UI 


rllRdelld*l 


(251) 


We  note  that  Equation  249  is  identical  in  form  to  Equation  221  and  that  Equa¬ 
tions  250  and  251  are  identical  in  form. 

We  now  consider  the  further  numerical  integration  of  Equations  249 
through  251.  First,  we  will  consider  the  integration  for  the  case  that  no 
shadowing  due  to  radial  support  members  occurs.  The  numerical  integration 
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of  Equation  249  proceeds  exactly  as  that  for  Equation  221.  The  numerical 
integration  of  Equations  250  and  251  is  discussed  here  (see  Figure  17). 


Figure  17.  Subdivision  of  Source  Node  Radial  Length  for 
Numerical  Integration. 


Interval  index  =  1  (computer  name  is  L,  PL). 

The  integration  again  is  accomplished  with  the  use  of  the  Legendre-Gauss  inte¬ 
gration  formula. 


rll  =  °R1 


/  "ii^'ii  =  -nr  [5rl 


lR(ril> 


5r^'R(rj 


(252) 


where  rj'  is  the  midpoint  of  an  interval  of  length  Ar^ 


DRl,rll 


Computer  variable  names  associated  with  the  variables  of  Equation  252: 

Rl  (computer  name  RL)  = 

Rjl  (computer  name  RM)  =  r||R(r^|) 

Rr  (computer  name  RR)  =  rj^'RtrJJ') 

Arn  =  Dri  (computer  name  DR1) 

°R1  =  (rD1  ■  RUl)/DIVl  (253) 

Divi  [computer  name  DIV(l)]  is  an  input,  and  it  is  the  number  of  integration 
Aril's  to  be  used  for  the  integration  over  the  source  node  surface  (also  com¬ 
puter  named  NYDl). 
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rrL‘-r^sv 


(2)  Frustum  Shadowing 

The  frustum  data  are  entered  into  the  program  as  curves  of  frustum 
radius  versus  axial  length  of  the  body.  The  body  curves  are  fitted  with 
straight-line  segments  between  successive  input  points  (see  Figure  13). 


Figure  18.  Schematic  of  Engine  Surface  Frustums. 

A  typical  exhaust  system  with  a  source  node,  No.  1,  and  a  receiver  node, 

No.  2,  and  shadowing  bodies  is  shown  in  the  above  figure.  Note  the  double 
indices  used  to  identify  the  points  of  the  shadowing  bodies. 

The  first  task  performed  by  the  computer  for  frustum  shadowing  is  to 
locate  the  coordinates  Y^  and  Y2  relative  to  a  given  shadowing  body.  This  is 
done  with  subroutine  FINDIT.  If  we  number  the  line  segments  of  the  body 
curve  in  increasing  order  as  we  progress  from  the  most  upstream  location  of 
the  body  to  the  most  downstream  point,  then  the  following  locations  have  the 
following  position  numbers  for  Body  1. 
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The  left  end  of  the  integration  interval  of  Length  DRl  is  denoted  rllj  (com¬ 
puter  name  is  RJ). 


rn  =  rnj  =  rui  + 

U-D  dr1 

(254) 

°R1 

rll  =  rllj  +  ~ 

(1  -V 

(255) 

(The 

computer  name  for 

r  J  ^  is  Rl .  ) 

,i  dri 

rll  =  rllj  2 

(256) 

(The 

computer  name  for 

r J  ^  is  Rl .  ) 

...  °R1 

rll  "  r 11 j  +  2 

°  *  CK1> 

(257) 

(The  computer  name  for  rj|'  is  Rl.) 

Equation  252  is  applied  repeatedly  to  obtain: 


(The  computer  name  for  Fp  is  FF.) 


Equations  258  or  228  are  the  techniques  for  integrating  Equations  249  and 
250  with  respect  to  Yj  or  r^  as  appropriate.  Equations  248  through  250  can 
now  be  written: 


F 


1-2 


♦i.up 

I  ff  d*i 
♦l,lo 


(Reference  Equation  229) 


As  was  the  situation  for  the  integration  of  Equation  229,  Fp  will  not  vary  as 
varies  because  of  the  cylindrical  symmetry  of  the  problem.  Thus,  we  can 
find  Fj_2  by  using  Equation  230;  and  Equation  231  gives  F2-1- 
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Point  Location 


(a)  Point  upstream  of  Body  1 


(b)  YF1  *  Y  i  YF2 


(c)  yF2  <  y  <  yf3 


(d)  Yf3  <  Y  <  Yf4 


(e)  Yf4  <  Y  <  Yf5 


(f)  Yf5  <  Y 


Segment  Number  on  Body  1 
0 
1 

2 

3 

4 

5 


The  body  segment  number  is  given  the  names  NY1  for  Y^  and  NY2  for  Y2. 

Once  the  segment  numbers  NY1  and  NY2  have  been  determined  for  a  given 
body,  the  program  goes  to  subroutine  CODE.  This  program  provides  further 
detail  about  the  shadowing  to  be  studied.  The  results  obtained  by  CODE  are 
tabulated  below.  ICODE  or  IC  is  the  parameter  which  the  computer  uses  to 
record  the  findings  of  subroutine  CODE. 


Meaning  of  the  Value  of 

Value  of  IC  or  ICODE  IC  or  ICODE  Assigned 

1  Y}  is  upstream  of  the  shadowing 

body,  and  Y2  is  downstream  of  the 
shadowing  body. 

2  Y^  is  upstream  of  the  shadowing 

body,  and  Y2  lies  between  the 
minimum  and  maximum  Y  values  of 
the  shadowing  body. 

3  Y^  is  between  the  minimum  and 

maximum  Y  values  of  the  shadowing 
body,  and  Y2  is  upstream  of  it. 

4  Yi  is  between  the  minimum  and 

maximum  Y  values  of  the  shadowing 
body,  and  Y2  is  downsream  of  it. 

5  Both  Y^  and  Y2  lie  between  the 

minimum  and  the  maximum  Y  values 
of  the  shadowing  body. 
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Value  of  IC  or  ICODE  IC  or  ICODE  Assigned 

6  Yj  is  downstream  of  the  body,  and 

Y2  lies  between  the  minimum  and  the 
maximum  Y  values  for  the  shadowing 
body . 

7  Yi  is  downstream  of  the  shadowing 

body,  and  Y2  is  upstream  of  it. 

8  Both  Y]^  and  Y2  lie  downstream  of 

the  shadowing  body  or  both  lie 
upstream  of  it. 

The  shadowing  study  now  branches  depending  on  whether  Y^  =  Y2  or  Y^ 
f  Y2-  The  following  discussion  deals  with  Y^  j4  Y2,  and  the  case  Y^  or  Y2 
will  be  treated  later.  If  Y^  t  Y2  and  IC  (or  ICODE)  =  8,  no  shadowing  occurs 
for  the  specified  Y^  and  Y2  and  the  shadowing  body  under  consideration.  The 
program  then  examines  shadowing  for  a  next  shadowing  body  if  it  exists.  If 
no  further  shadowing  bodies  exist,  shadowing  by  the  radial  support  members 
(if  any)  will  be  considered. 

If  Yi  t  Y2  and  1C  ^  8,  the  computer  next  goes  to  subroutine  CANSEE. 
Subroutine  CANSEE  determines  whether  the  source  node  point  (Yj,  m,  4>)  can  see 
any  of  the  receiver  nodes  for  the  given  Y2.  It  also  decides  whether  the  outside 
surface  of  the  shadowing  body  causes  the  shadowing  or  whether  it  is  the  inside 
surface  of  the  body  that  causes  the  shadowing.  In  some  cases  it  may  determine 
that  the  shadowing  body  causes  no  shadowing  at  all. 

The  results  obtained  by  program  CANSEE  are  summarized  below  for  the  com¬ 
puter  variable  name  ISEE. 


Code 

ISEE  =  1 

ISEE  =  2 

ISEE  =  3 

ISEE  =  4 
ISEE  =  5 


Meaning 

No  shadowing  is  caused  by  the  shadowing 
body  of  interest. 

The  shadowing  body  causes  shadowing  with 
its  outside  surface.  The^receiver  node 
at  Y2  cannot  be  seen  for  $  =  180*. 

The  shadowing  body  causes  shadowing  with 
its  outside  surface.  The  reciever  node  at 
Y2  cannot  be  seen  for  $  =  0°  . 

The  shadowing  body  causes  complete  shadowing. 

The  shadowing  body  causes  shadowing  with  its 
outside  surface^  However^  the  receiver  node 
can  be  seen  at  ♦  =  0  and  $  =  180*. 
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The  parameter  ISEE  directs  the  flow  of  the  computations  used  to  deter¬ 
mine  the  visibility  limits  for  J  when  shadowing  bodies  are  present.  For 
ISEE  =  1,  no  shadowing  exists  and  the  program  is  instructed  to  test  the  next 
shadowing  body  for  shadowing.  For  ISEE  =  4,  the  parameter  GI  is  set  equal  to 
zero  to  correspond  to  a  completely  shadowed  situation.  For  ISEE  =  3,  inter¬ 
sections  of  the  field  vision  of  the  source  point,  as  it  looks  at  the  receiver 
at  Y2  with  the  shadowing  body,  are  sought.  From  these  intersections,  angles 
can  be  computed  from  which  one  can  determine  the  visibility  limits  for  $. 

For  ISEE  =  3  and  =  5,  intersections  of  the  source  point  of  vision  with  the 
shadowing  body  also  are  sought.  In  addition,  the  existence  of  lines  of  sight 
from  the  source  point  to  the  receiver  (that  are  tangent  to  the  shadowing  body) 
also  are  determined.  The  location  of  the  intersections  and  the  tangency  con¬ 
ditions  then  are  used  to  find  angles  from  which  appropriate  visibility  limits 
are  selected  for  $.  The  visibility  limits  and  the  integration  limits  then 
are  examined,  and  appropriate  limits  are  determined  when  shadowing  bodies  are 
present . 

Shadowing  RING  is  used  for  ISEE  =  2,  3,  and  5  and  details  of  the  program 
are  presented  in  Section  IVD.l.b.  This  subprogram  is  used  to  study  the  inter¬ 
sections  of  the  field  of  vision  of  the  source  node  point  and  the  shadowing 
body . 


The  geometry  involved  in  determining  the  intersection  is  shown  in  Fig¬ 
ure  19.  In  this  case,  the  shadowing  body  consists  of  two  frustums.  The  cone 
of  vision  of  the  source  node  point  as  it  looks  at  the  receiver  node  at  Y2  is 
a  cone  with  its  apex  at  the  source  node  point  and  its  base  at  the  position  Y2. 
The  cone  of  vision  shown  in  Figure  19  lies  mostly  inside  the  shadowing  body, 
and  the  intersection  of  the  cone  of  vision  with  the  shadowing  body  shows  where 
the  cone  of  vision  lies  outside  the  shadowing  body.  Since  the  lines  of  sight 
from  the  source  point  to  the  receiver  node  lie  on  the  surface  of  the  cone  of 
vision,  the  portion  of  the  cone  that  passes  through  the  shadowing  body  corre¬ 
sponds  to  the  blocked  vision  of  the  source  node.  It  follows,  therefore,  that 
the  source  node  can  see  the  receiver  for  the  limiting  $  shown  in  Figure  19 
to  360  -  $.  Section  IV.D.l.b  lists  the  equations  used  to  determine  the 
limiting  $. 

For  ISEE  *  3,  the  computations  of  Section  IV.D.l.b  are  performed  at  each 
slope  breakpoint  of  the  shadowing  body  that  lies  between  Y^  and  Y2.  The 
largest  £  value  obtained  for  the  shadowing  body  then  is  chosen.  The  limits 
of  visibility  of  the  source  node  point  for  the  receiver  at  Y2  then  lies  be¬ 
tween  $  maximum  and  360  -  $.  The  limits  using  symmetry  of  the  integrand 
are  $  maximum  to  180° . 

For  ISEE  =  2  or  =  5,  subprogram  RING  again  is  used.  In  addition,  subpro¬ 
gram  BODY  is  used.  Subprogram  BODY  looks  for  possible  lines  of  sight  (source 
node  point  to  the  receiver  at  Y  =  Y2)  which  are  tangent  to  the  shadowing  body. 
When  a  tangency  is  determined,  the  angle  $  for  which  it  occurs  is  determined. 
The  $  angles  found  with  program  BODY  and  program  RING  then  are  examined  to 
select  the  visibility  limits  when  ISEE  =  2  or  =  3.  The  details  of  program 
BODY  are  presented  in  Section  IV.D.l.c. 
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Element  of 


Figure  19.  Geometry  Involved  in  a  Typical  Visibility  Determination  Performed  by  Subroutine  RING. 


T'  f.. 


When  ISEE  =  2,  the  source  node  point  can  see  the  receiver  at  Y  =  Y2  for 

♦  =  0  but  not  $  =  180° •  Thus,  the  ♦  angles  determined  with  subprograms 

RING  and  BODY  for  a  given  shadowing  body  are  the  possible  upper  limits  of  vis¬ 
ibility  with  respect  to  $.  The  actual  upper  limit  on  0  is  the  minimum  $ 
value  ($mIn)  obtained  from  the  study  of  the  various  frustum  segments  of  the 
shadowing  body;  the  lower  limit  is  -  4>mIN*  Because  of  the  symmetry  of  the 
integrand,  we  actually  use  as  limits  $=0to$=$=  $2MIN* 

When  ISEE  =  5,  the  source  node  point  can  see  the  receiver  at  Y  =  Y2  for 

♦  =  0  and  ♦  =  180°,  but  we  know  that  the  source  cannot  see  the  receiver  for 
some  band  of  $'s  between  0  and  180.  In  this  case,  the  $  values  obtained 
from  subprograms  RING  and  BODY  are  examined,  and  the  minimum  (PHICL)  and  the 
maximum  angles  (PHICM)  are  determined.  The  visibility  with  respect  to  $, 
based  only  on  the  shadowing  caused  by  a  single  body  for  which  ISEE  =  5,  then 
exists  over  two  ranges  of  $.  These  ranges  correspond  to  the  two  ranges  of  $ 
between  0  and  360°  for  which  the  source  node  can  see  the  receiver  node  at  Y2. 
The  first  visibility  interval  is  =  -PHICL  (degrees)  to  $  *  +PHICL,  the 
second  integral  is  $  =  PHICM  to  $  =  360  -PHICM.  If  we  use  the  symmetry  of 
the  integrand,  the  limits  are  J  =  0  to  5  =  PHICL  and  $  =  PHICL  and  $  =  PHICM 
to  180°. 

We  now  return  to  the  case  of  studying  the  limits  of  visibility  due  to 
frustum  shadowing  for  the  case  of  Y2  =  Y^.  In  this  case,  the  result  ob¬ 
tained  with  subprogram  CODE  is  either  IC  =  5  or  =  8.  If  IC  =  8  for  a  shadow¬ 
ing  body,  the  program  will  seek  shadowing  for  the  next  shadowing  body  because 
the  present  body  does  not  cause  any  shadowing. 

If  IC  ■  5,  the  following  computations  will  be  made. 

The  radius  of  the  shadowing  frustum  is  computed  for  Y  =  Y^  according  to 
the  following  equation: 

rcl  =  Ep  +  Fpp  Yj  (259) 


where , 


=  reu  yfd  ~  rfd  yfu 

F  (YFD  ~  YFlP 


(260) 


RFD  ~  rFU 
FF  Ypp  -  Yfu 


(261) 
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On 

Rpij  is  the  upstream  radius^ of  a  shadowing  frustum  (this  is  an  input 
value  for  the  program). 


RpD  is  the  downstream  radius  of  the  shadowing  frustum  (this  is  an  input 
va  lue) . 


Yp(j  is  the  upstream  axial  station  of  the  shadowing  frustum  (this  is  an 
input  value).  4 


Yj>d  is  the  downstream  axial  station  of  the  shadowing  frustum  (this  is  an 
input  value). 

* 

The  computer  now  checks  to  see  if  either  the  source  node  point  or  the 
receiver  node  lies  on  the*shadowing  frustum  of  interest.  If  one  of  the  two 
lies  on  the  shadowing  frustum,  the  program  seeks  shadowing  for  the  next 
shadowing  body  if  one  exists.  The  shadowing  for  the  present  body  was  effec¬ 
tively  determined  in  the  determination  of  the  limits  when  no  intervening 
bodies  lie  between  the  nodes. 


If  neither  the  source  nor  the  receiver  nodes  lie  on  the  shadowing ibody , 
the  computer  next  checks  to  see  if  the  shadowing  body  causes  complete  shadow¬ 
ing  of  the  nodes.  For  Y^  =  Y2»  complete  shadowing  occurs  if  rll  <  rc^  <  rl2 

or  if  rl2  <  rci  <  rll.  If  either  of  the  inequalities  applies,  the  computer 
sets  Gj  =  0  in  accordance  with  complete  shadowing.  If  neither  inequality 
applies,  the  source  node  point  sees  a  part  of  the  receiver  from  -  $2  to  some 
angle  +  $2  which  is  next  determined. 

The  geometry  of  the  vision  situation  is  shown  in  Figure  20.  In  this 

case,  the  source  node  point  and  the  receiver  node  lie  on  the  same  surface. 

The  equation  of  the  shadowing  frustum  is: 


2  2  2 

*F  +  ZF  "  rcl 

and  the  equation  of  the  limit  line  of  sight  is: 

XF  -  Xi  _  ZF  -  ZL 

*2  *  X1  ’  z2  ~  Z1 

We  also  can  write: 


Xj  =  r^  co*  <t>1 


X2  =  r 12  COS  *2 


Z1  =  rll  sin  ♦! 


Z2  =  r12  sin  >2 


(262) 


(263) 


(264) 


l 
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For  tangency,  the  radius  vector  P  from  the  source  node  point,  I,  to  a  point 
(X2>  ^2>  Z2)  on  the  receiver  node  must  be  perpendicular  to  the  normal  to  the 
frustum  Np  at  the  point  of  tangency: 


5  *  Np  =  0 
In  this  case, 


(265) 


p  =  (X2  -  Xi)  I  +  0  +  (Z2  -  Z{)  k 


(266) 


N  =  cos  a  i  +  cos  6  j  +  cos  y  k 

r  r  r  r 


(267) 


where , 


cos  8f  = 


XF  (YFD  -  YFU) 


cl^  YFu)  ^  RFuj 

-  (rfd  -  rfu) 

YFD  "  YFu)  +  (^D  ~  RFu) 


(268) 


(269) 


cos  yf  = 


ZF  (YFD  YFu) 


rclV^FD  YFu)  +  (RFD  ~  RFu) 


(270) 


The  derivation  of  the  equation  for  Np  is  very  similar  to  the  presentation 
given  for  Equations  93  and  94. 

A  combination  of  Equations  265  through  270  yields  the  following  result 
for  the  tangency  condition: 


X2-*F  XF  +  VZ1  ZF  =  0 


(271) 
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The  governing  equations  for  finding  the  limit  line  of  sight  are  Equations  262 
through  264  and  271  with  the  unkowns  Xp,  X2,  Zp,  Z2,  and  4,2-  This  system  of 
equations  was  solved  as  follows:  First  solve  271  and  263  for  Xp  and  Zp: 


.  (X1  VZ1  X2)(VZl) 
>  2  .2 
(VXl)  +  (Z2'Z1) 

_  ( Z 1X 2~X1 Z 2 )  (VXl) 

(VXl)2  +(Z2'Zl)2 


(272) 


(273) 


Substitution  of  Equation  264  into  Equations  272  through  282  yields  the  fol¬ 
lowing  equations  in  the  single  unknown  variable  $2 . 


rUrl2sir,(  ♦2_l,’l^r12sin<,’2~rllsin|,’l  ^ 

ri22+rn2-2ri2rncos(vn) 

rllr12sin(<*,2_4,l)  1  r  1 2COS*2~r  LL008^  L J 
2  2 

r  12  +rll  -2r12rllcos(  4>2“4>1 5 


(274) 


(275) 


Substitution  of  Equations  274  and  275  into  Equation  262  yields  the  following 
quadratic  equation  for  cos  (  q>  2—  <(>  1 )  : 

aafcos2(  ♦2_4>i  )  +  BBpcosU2"<tli)+CcF=0-  (276) 

where 


aaf  = 

1 

(277) 

bbf 

”2  rcl  /(rllr12) 

(278) 

2  2  2 

CCF 

rcl  r  12  +  rll 

2 

(279) 

The  quadratic  Equation  226  is  solved  for  cos  ($2“^l)  by  means  of  subprogram 
QUAD.  To  qualify  as  a  proper  solution  to  the  problem,  the  computer  requires 
that  the  point  (Xp,  Yp,  Zp)  lies  between  (Xj,  Yj,  Zj)  and  (X2,  Y2*  Z2 ) * 

After  the  visibility  limits  have  been  determined  for  each  shadowing  body 
in  the  exhaust  system,  a  set  of  integration  limits  is  selected  from  the 
results  of  the  analysis  and  the  visibility  limits.  Let  us  suppose  for  the 
sake  of  demonstration  of  the  computer  program,  that  the  following  axisymetric 
shadowing  visibility  results  were  obtained  from  the  shadowing  body  study: 

(a)  3  shadowing  bodies  cause  outside-surface  shadowing  (ISEE  =  2). 

The  visibility  limits  for  each  body  are  as  follows: 

Body  A:  ♦  =  0’  to  ♦  =  80° 

Body  B:  ♦  =  O'  to  ♦  =  95° 

Body  C:  *  =  0°  to  $  =  90° 

(b)  3  shadowing  bodies  cause  inside-surface  shadowing  (ISEE  =3). 

The  visibility  limits  for  these  bodies  are  the  following: 


Body 

D: 

$  =  10° 

to 

*  =  180° 

Body 

E: 

£  =  15° 

to 

*  =  180° 

Body 

F: 

*  =  12° 

to 

$  =  180° 

(c)  3  shadowing  bodies  cause  shadowing  for  which  ISEE  =  5. 

The  ranges  of  $  for  which  the  view  of  the  source  node  point  is 
blocked  are  as  follows: 

Body  G:  ?  =  20°  to  ?  =  25° 

Body  H:  ?  =  22°  to  <?  =  45° 

Body  I:  $  =  40°  to  $  =  45° 

The  computer  program  now  examines  the  results  of  (a)  and  decides  that  the 

appropriate  limits  of  visibility  for  the  shadowing  caused  by  bodies  A,  B,  and 
C  are  ♦  =  0*  to  80°.  That  is  the  combined  outside  surface  shadowing  caused 
by  bodies  A,  B,  and  C  is  such  that  the  source  node  point  can  only  see  the  re¬ 
ceiver  node  at  Y2  for  #  =  0  to  80°.  (Note  that  80°  is  the  minimum  upper 
limit  of  the  three  upper  limits  given  for  A,  B,  and  C).  The  limits  for  the 
results  of  (b)  are  next  examined.  In  this  case,  the  computer  decides  that 
appropriate  visibility  limits  are  $  =  15°  to  ♦  =  180°.  The  combined  visibil¬ 
ity  caused  by  inside-surface  shadowing  ranges  from  the  maximum  of  the  lower 
limits  for  bodies  D,  E,  and  F  (i.e.,  16°  to  180°). 

The  computer  next  selects  visibility  limits  which  are  compatible  with 
both  the  inside  and  the  outside  surface  shadowing  caused  by  bodies  A,  B,  C, 

D,  E,  and  F.  The  limits  for  bodies  A,  B,  and  C  were  as  follows: 

♦  =  0°  to  5  =  80°. 
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The  limits  for  bodies  D,  E,  and  F  were: 

$  =  15°  to  $  =  18°. 

The  compatible  limits  are  therefore: 

J  =  15°  to  J  =  80° . 

If  the  minimum  visibility  limit  for  bodies  D,  E,  and  F  (inside  shadowing)  had 
been  greater  than  the  maximmum  visibility  limit  for  bodies  A,  B,  and  C  (out¬ 
side  shadowing)  the  computer  would  have  set  Gj  =  0  to  correspond  to  complete 
shadowing. 

The  visibility  limits  obtained  thus  far,  J  =  15°  to  $  =  80°,  are  next 
compared  to  the  integration  limits  arrived  at  by  means  of  the  studies  of 
radial  supports  (not  operable  in  the  present  version  of  SCORPIO-N)  where  the 
upper  limit  is  $Up  and  the  lower  is  3>l0.  One  of  the  following  situations 
illustrated  in  Figure  21  will  apply. 

For  the  situations  represented  by  Figures  21a  and  21b,  the  integral  value 
Gj  is  set  equal  to  zero.  This  is  done  because  the  range  of  $,  for  which  the 
analyses  for  radial  supports  shows  cos  9i  and  cos  @2  would  be  positive,  is  not 
within  the  range  of  $  for  which  the  source  node  point  can  see  the  receiver 
node  at  Y2.  For  those  cases  in  which  the  two  ranges  of  J  overlap,  the  inte¬ 
gration  limits  (based  on  sysmmetry  of  the  integrand)  are  as  follows): 


Figure 

Minimum  Limit 

Maximum  Limit 

21(c) 

Ho 

80  degrees 

21(d) 

15  degrees 

80  degrees 

21(e) 

15  degrees 

^up 

21(f) 

Ho 

♦up 

If  there  were  no  bodies  for  which  ISEE  =  5,  (and  no  shadowing  ducts  or  radial 
support  members),  the  limits  tabulated  above  would  be  used  for  the  evaluation 
of  the  integral  Gj.  In  the  example  we  proposed  previously,  however,  three 
bodies  caused  ISEE  =  5-type  shadowing,  and  we  now  accordingly  modify  the  inte¬ 
gration  limits  tabulated  above. 

When  ISEE  =  5  shadowing  occurs,  the  comptuer  selects  integration  limits 
which  are  compatible  with  the  results  of  the  limits,  Ji^IN  and  $MAX.»  arrived 
at  in  the  foregoing  paragraph  and  the  shadowed  ranges  of  £  caused  by  the 
ISEE  =  5  shadowing.  In  the  figure  below,  the  range  of  integration  for  J  is 
laid-out  as  a  bar  graph.  The  ranges  of  £  which  are  shadowed  by  the  ISEE  =  5 
shadowing  (example  of  page  )  are  depicted  by  cross-hatching.  Possible 
positions  for  ^MIN.  and  ?MAX.  are  shown  above  the  graph. 


118 


0=0  20  22  25  27  40  45  180 

t\j 

Figure  22.  Range  of  Integration  for  <j>. 


For  the  particular  situation  given  in  Figure  22,  three  integrations  would  be 
required  to  evaluate  the  Gi  integral.  The  limits  on  each  integral  are  as 
follows : 

Limits  for  1st  ingegration:  $MIN.  to  20° 

Limits  for  2nd  integration:  27°  to  40° 

Limits  for  3rd  integration:  45°  to  $MAX. 

Many  positions  of  the  values  £mIN.  anc*  MAX.  anc*  the  distributions  of  the 
ISEE  =  5  shadowed  intervals  of  ij  are  possible.  The  key  to  the  selection  of 
integration  limits  is  always  the  same,  however.  Namely,  that  key  is  the 
selection  of  £  values  which  lie  between  JmAX.  a°d  ?MIN.  ar,d  which  avoid 
integrations  over  intervals  of  £  which  are  shadowed. 

b.  Intersection  with  Shadowing  Body  (RING) 

Subprogram  RING  is  used  to  determine  the  intersection  of  the  cone  of 
vision  with  the  shadowing  body  at  the  Y  positions  of  the  input  points  of  the 
shadowing  body.  These  points  also  correspond  to  the  slope  discontinuities  of 
the  shadowing  body. 

The  X  coordinate  of  the  axis  of  rotation  of  the  cone  of  vision  is  given  by 
the  following  equation  for  Y  =  Yp  (see  Figure  23): 

Rc  =  (Y2  ~  Yp)  x  rn/(Y2  -  Yt)  (280) 

The  radius  of  the  cone  of  vision  at  Y  =  Yp  is: 

"HO  ■  r12  «  (IF  -  V/(?2  -  V  (281) 

The  equation  of  the  shadowing  body  at  Y  =  Yp  is: 

4  +  ZF  "  fF  (282) 
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Figure  23.  Sample  Situation  with  No  Solution. 


Figure  24.  Cone  of  Vision  Envelopes  Shadowing  Body. 
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The  equation  of  the  cone  of  vision  at  Y  =  Yp  is: 
(X  -  Rc)2  ♦  X2  -  R20 


(283) 


The  intersection  of  the  cone  of  vision  with  the  shadowing  body  at  Y  “  Yp 
corresponds  to  the  simultaneous  solution  of  Equations  282  and  283  if  one 
exists.  There  are  several  situations  for  which  no  solutions  exist  to  Equa¬ 
tions  282  and  283.  One  such  situation  is  illustrated  in  Figure  23. 

In  this  case,  the  cone  of  vision  lies  completely  outside  of  the  shadowing 
body.  The  computer  finds  this  condition  by  comparing  the  distance  Rc  -  Rho  to 
Rp.  If  Rc  -  Rho  is  greater  than  or  equal  to  Rp,  the  shadowing  body  does  not 
interfere  with  the  view  of  the  receiver  as  seen  by  the  source  node.  If 
RC  -  Rho  is  less  than  Rp,  the  shadowing  body  does  not  interfere  with  the  view 
of  the  receiver  as  seen  by  the  source  node.  If  Rc  -  Rho  Is  less  than  Rp,  we 
have  a  higher  degree  of  confidence  that  an  intersection  of  the  cone  of  vision 
and  the  shadowing  body  does  exist. 

The  simultaneous  solution  of  Equations  282  and  283  is: 


X 


F 


=(1/2) 


(284) 


Z 


F 


(285) 


If  the  radicand  of  Equation  285  is  negative,  no  intersection  exists;  and 
this  corresponds  to  the  situation  shown  in  Figure  24  where  it  can  be  seen 
that  the  cone  of  vision  completely  envelopes  the  shadowing  body. 

The  line  of  sight  which  passes  through  the  source  point  and  the  inter¬ 
section  point  is  given  by  the  following  equation: 


X-ll  Y‘Y1  Z-0 


Vrn  VY1  v° 


For : 


y.y  .  X_X  ,r  ,  (yh)(Vt|l> 

Y  Y2‘  X  X2R  11  (Yp-Y^ 


(286) 


(287) 
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It  follows  that  : 


cos  $2 


(288) 


from  which  we  can  find  $2  as  shown  in  Figure  24.  Equation  288  completes  the 
computations  of  program  RING. 

Because  of  the  cylindrical  symmetry  of  the  bodies  involved  in  the  prob¬ 
lem,  the  foregoing  equations  apply  to  the  case  $1^  f  0. 

All  we  must  realize  is  that  we  need  only  rotate  the  X  -  Z  axes  so  that 
the  xy  plane  lies  in  the  plane  of  $1.  However,  we  do  need  to  rewrite  Equa¬ 
tion  288  as  follows: 


cos  J 


(289) 


♦  2~^l 


(290) 


c .  Tangent  to  Shadowing  Body  (BODY) 

Subprogram  BODY  is  used  to  determine  if  a  line  of  sight  from  the  source 
node  point  (Yj,  rll,  $1)  to  the  receiver  node  at  (Y2,  rl2,  $2)  is  possibly 
tangent  to  a  shadowing  body  innterposed  between  the  source  and  receiver  posi¬ 
tions  . 


The  geometry  associated  with  finding  the  tangent  line  is  shown  in  Fig¬ 
ure  25.  We  desire  the  X,  Y,  Z  position  of  the  tangent  point  and  then  the 
angle  £  for  which  the  line  is  tangent  to  the  shadowing  body  or  frustum. 


We  first  concern  ourselves  with  the 
The  equation  of  the  frustum  surface  is: 


geometry  of  the  shadowing  frustum. 


“f-W 


rfd  rfu 
yfd  “  yfu 


(Y  -  Y 


Fir 


(291) 


where , 

Rp  is  the  radius  of  the  frustum  at  any  axial  station  Y. 

Ypu  is  the  upstream  axial  coordinte  of  the  frustum.  This  is  a  program 

input . 

YpD  is  the  downstream  axial  coordinate  of  the  frustum.  This  is  a 
program  input. 

Ypu  is  the  radius  of  the  frustum  at  Y  =  YFU.  This  is  a  program  input. 

Ypo  is  the  radius  of  the  frustum  at  Y  =  YFD.  This  is  a  program  input. 


123 


(294) 


The  subprogram  at  this  time  checks  to  see  if  both  the  source  node  point  and 
the  receiver  node  lie  on  the  shadowing  frustum  (Equation  292).  If  they  do, 
no  tangent  line  can  be  found,  and  the  subprogram  signifies  no  tangent  line 
exists  by  setting  I0N  =  1,  The  main  program  uses  I0N  =  1  to  let  it  know 
that  it  should  check  other  frustum  portions  of  the  shadowing  BODY  (if  they 
exist)  to  determine  if  lines  of  sight  can  be  tangent  to  them. 

If  one  (or  both)  of  the  source  node  point  or  the  receiver  node  does  not 
lie  on  the  shadowing  frustum,  the  following  check  is  made.  Does  either  the 
source  point  or  the  receiver  node  lie  inside  of  the  cone  of  which  the  shadow¬ 
ing  frustum  is  a  portion?  If  one  or  the  other  does,  no  tangent  line  of  sight 
is  possible,  and  the  computer  program  is  told  to  test  other  frustums  of  the 
shadowing  BODY.  No  tangent  line  of  sight  is  possible  in  such  a  case  because 
no  line  can  pass  from  the  inside  of  the  cone  of  the  frustum  without  piercing 
its  surface.  A  piercing  line  can  never  be  perpendicular  to  the  local  normal 
to  the  cone  of  the  frustum,  which  is  a  requirement  for  a  line  to  be  tangent 
to  a  surface. 


If  both  the  source  node  point  and  the  receiver  node  lie  outside  the  cone 
of  the  frustum,  the  possibility  of  a  tangent  line  to  the  frustum  is  increased. 
We  now  look  at  the  equations  which  are  used  to  seek  the  tangency  condition. 

The  fundamental  requirement  for  a  tangency  condition  is  that  the  line  of 
sight  be  perpendicular  to  the  normal  to  the  frustum  at  some  point  of  the 
frustum  surface.  That  is: 


Np  •  p  =  0  (295) 

where  Np  is  the  local  normal  to  the  frustum  and  p  is  the  vector  from  the 
source  node  point  to  some  point  on  the  receiver  node  at  1/2. 

The  equation  for  p  is  given  by  Equation  92  and  is  rewritten  here  for 
convenience : 


p  =  (X2  -  Xj)  i  +  (Y2  -  Yl)  j  +  (Z2  -  ZL)  k 


(92) 
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The  determination  of  normals  to  frustums  is  discussed  earlier.  We  use 
those  results  to  write  the  following  equations  for  the  normal,  Np: 


N  cos  cu,  i  +  cos  b  j  +  cos  Y  k 


(93) 


F  ~ 

COS  “F  =  R-  BF 


(100) 


cos  8f  =  Ap 

ZF  - 

COS  YF  =  bf 


(109) 


where  Xp,  Zp,  and  Rp  are  the  X,  Z.^and  r  coordinates  of  the  shadowing  frustum 
at  the  point  of  tangency.  Ap  and  Bp  are  given  by  the  following  equations: 


'(RFD  "  rfu) 


(  yfd  “  yfu)  +  (rfd  “  rfu) 


(105) 


Y  -  Y 
FD  FU 


(YFD  "  YFu)  +  (^D  RFu) 


(106 


When  the  above  equations  are  substituted  into  Equation  295,  the  following 
equation  is  obtained: 


<X2  '  V  SF  TT?  *  (?2  -  XL>  *  <Z2  -  Zl>  SF  ^  ■  0 


(296) 


We  now  make  use  of  the  fact  that  the  receiver  node  at  Y  =  Y2  is  a  circle; 
that  is: 

2  2  2 

X2  +  Z2  "  r 12  andl 


X2  =  r 12  COS  ♦2 


(297) 


Z2  =  r12  Sin  *2 


(298) 
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Substitute  Equation  292  into  Equation  303  to  get  the  following  after  some 
rearrangement  and  use  of  the  equations: 


xi  -  ru 

cos 

(304) 

Z1  =  rll 

sin  ♦1 

(305) 

The  result  obtained  is: 


CL  -  C2  cos  ($2  -  ^) 
C3  -  cos  ($2  -  <t>L) 


where , 


Vn 


+  Ylrll 


■  af  ef 


Y  -  Y 
2  1 


(306) 


(307) 


C2  '  BF  (Y1  *  V  rl2  r  1 1 


(308) 


c3  ■  “f  r  12*  r  n  *  Vf  y2  -  vi  2 


(309) 


C4  =  2r 12  rll  BF 


(310) 


Equation  306  relates  *2  to  Yp.  We  need  another  equation  relating  <t>2  to  Yp  to 
solve  the  problem.  To  obtain  this  second  equation,  we  begin  with  Equation 
302.  Substitute  solutions  for  Xp  and  Zp  as  obtained  from  Equations  300  and 
301  into  Equation  302  and  square  both  sides  of  the  resulting  equation. 


2  ^Y2  Yl^  2 

RF  =  X1  *  <Y—Y -L)'  r  12  C°S  *2  ‘  X1 

(311) 

(YF  '  V  .  2 

+  Z  +  -  r  -1 2  sin  -  Z 

1  (Y2  -  Yt)  21 
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Upon  usage  of  Equations  304  and  305,  we  obtain  the  following  result  after 
some  work: 

RF  =  r?i  +  TT^r-  *"  12  rll  cos  {*2 '  V2-  rll 


(312) 


(yf  -  Yl) 

(Y2  -  Yl) 


2  r  12  +  rll  ‘  2r12  rll  COS  (*2 


-v. 


We  now  sul  titute  Equation  379  into  Equation  399  for  Rp  and  obtain  the  fol¬ 
lowing  res  ’It: 


YF  [  5  +  C6  C0S  (*2  -  V]  +  YF  [C7  ~  C8  COS  (*2  ’  V] 


+  LC9  *  C10  COS 


(*2  -  V] 


where , 


(313) 


C5  -  "  F 


(h  -  vi)2  '  (ru  *  ■n) 


(314) 


C6  =  2r 12  rll 


S  ‘  2Yi  (rn  *  ■■?,)  *  2(h  -  Yi) '] 


C8  ‘  2tY2  *  V  r12  rL 1 


(4  - '?,)  (h  - Y,)2  -  h2  *i 


2  2  2 
+  Y  r  -  2Y  Y  r 
111  1  2rll 


C10  =  2r12  rll  Y2  Y1 


(315) 


(316) 


(317) 


(318) 


(319) 
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The  solution  to  the  problem  can  now  be  found  by  the  simultaneous  solution  of 
Equation  313  and  306.  We  do  this  by  substituting  Equation  305  for  Yp  into 
Equation  313  and  solve  for  cos  ($1  -  $2) . 

The  result  of  the  substitution  and  subsequent  reduction  to  an  equation 
in  cos  ($2  ~  ♦i)  is  Equation  319. 


AAF  COs3  (<l2  “  'V  +  BBF  C°s2  ^2  "  <f’l) 


+  CCF  COS  (*2  "  V  +  °DF  =  0 


where , 


V  '  C2C6  -  C4C2C8  *  C4C10 


V  '  -2C1C2C6  *  C2C5  *  C4  <CLC8  *  C2C7> 


*  C3C1C8  *  C9C4  -  2C3C4C10 


CCF  ‘  C1C2C5  -  C1C7C4 


-  C3(ClC8  *  C2C7>  -  2C9C3C4  *  C3C10 


DDF  ’  C!CS  *  C1C7C3  *  C3C9 


(319) 


(320) 


(321) 


(322) 


(323) 


The  roots  of  Equation  407  are  found  with  subprogram  CUBIC,  from  which 
(♦2  ~  ♦ l )  is  obtained. 

Each  of  the  ($2  “  ^[)  solutions  is  checked  to  ensure  that  it  physically 
agrees  with  actual  geometry  of  the  problem.  The  first  check  requires  that  Yp 
be  computed  according  to  Equation  306,  and  we  test  Yp  to  see  if  it  lies  between 
Ypu  and  Ypp.  That  is,  does  the  solution  ($2  ~  $i)  yield  a  tangent  point  that 
is  on  the  shadowing  frustum  of  interest?  Next,  does  the  solution  (412  -  4i) 
yield  a  tangent  point  that  lies  between  Y[  and  Y2?  Last,  does  the  solution 
(*2  ~  $l)  and  Yp  satisfy  Equations  292,  299,  300,  301,  and  302?  If  a  solution 
is  found  which  satisfied  all  the  foregoing  tests,  it  is  taken  as  a  valid 
tangent  line  solution.  The  last  test  is  conducted  in  subprogram  CHECK. 
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E. 


Exhaust  System  Heat  Balance  (TASIB) 


A  thermal  heat  balance  is  conducted  within  the  exhaust  system  to  provide 
the  temperature  distribution  along  all  exhaust  system  surfaces.  Each  surface 
has  been  subdivided  into  isothermal  segments  (nodes);  it  is  the  temperature 
of  these  segments  that  is  desired.  The  subprogram  TAS1B  is  employed  to  com¬ 
pute  these  temperatures.  This  subprogram  is  a  modified  version  of  the  exist¬ 
ing  program  Thermal  Analysis  System  1  written  by  the  Jet  Propulsion  Labora¬ 
tory,  California  Institute  of  Technology  for  NASA  under  contract  no.  NAS7-100. 


The  nomenclature  used  within  this  section  is  as  follows: 


A  -  surface  area,  ft^ 

C  -  overall  conductance  coefficient,  Btu/hr  ft^,  *  R 
F  -  gray  body  radiation  interchange  factor,  nond imens ional 
R  -  vector 
S  -  square  matrix 
T  -  temperature,  R 

a  -  Stefan-Boltzmann  constant,  =  0.1713  x  10”  Btu/ft^  hr,  (*  R)^1 


For  any  given  internal  exhaust  system  node,  a  steady-state  energy  balance  can 
be  stated  such  that  the  sum  of  the  energy  addition  is  equal  to  the  sum  of  the 
departing  energy.  The  balance  for  a  node  i  can  be  written  as: 


.  A.  (T.  -  T.)  + 
ij  i  i  1 


a  A.  F.  . 
1  ij 


(324) 


and  stated  such  that  the  net  energy  exchange  from  node  i  is  zero. 


For  a  system  of  nodes,  the  energy  balance  can  be  written  in  matrix  form 

as : 

=  0  (325) 

The  solution  used  follows  the  Newton-Raphson  iteration  method  for  nonlinear 
algebraic^equations  utilizing  the  matrix  form: 

[sij]  (h)  '  (Ri)  (326) 

The  off-diagonal  elements  of  the  square  matrix  are: 


S. .  =  C. .A.  +  40  A.  F. .  T3  (327) 

ij  ij  t  t  ij  J 
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while  diagonal  elements  are: 


S. .  =  S. .  -  C. .A.  -  4°A.  F. .  T3 
ij  11  ij  l  i  ij  i 


The  vector  R  has  the  form: 


R.  =  -3°A.  F. .  (T4  -  T4) 

t  l  ij  \  l  j/ 


(328) 


(329) 


Subprogram  TAS1B  solves  this  matrix,  Equation  326  for  the  temperature  (T) 
vector  in  an  iterative  manner,  revising  the  failures  of  temperature  in  matrix 
S  and  R  with  each  iterative  step  until  the  process  converges  on  a  final  solu- 
t  ion. 


F .  Special  Computation  Considerations 

Module  SIGNIR  is  basically  self-contained,  dependent  only  upon  the  system 
model  produced  from  the  physical  exhaust  system  configuration.  With  the  lati¬ 
tude  provided  in  exhaust  system  configurations,  certain  specific  items  con¬ 
cerning  a  system  may  be  required  of  the  user  in  order  to  complete  the  model 
and  derive  the  desired  information.  The  following  sections  are  included  to 
assist  the  user.  They  cover  a  method  to  establish  the  required  form  for  pres¬ 
sure  loss  and  heat  transfer  parameters  necessary  for  program  input. 

1.  Pressure  Loss  Parameters 


When  surface  cooling  is  employed  by  the  exhaust  system,  the  pressure  loss 
characteristics  must  be  supplied  by  the  program  user  to  define  the  particular 
cooling  system  configuration  employed.  Program  input  data  require  values  of 
the  loss  coefficient  (K)  and  the  flow  exponent  (n)  for  specific  segments  of 
the  cooling  system.  If  these  values  are  not  available  from  measured  data, 
they  must  be  acquired  through  empirical  data  presented  in  available  reference 
material  such  as  Reference  4. 

The  nomenclature  used  within  this  section  is  as  follows: 

A  -  flow  area,  ft2 

B  -  loss  coefficient,  psf/ ( lb/sec)n 

Kt  -  nondimens ional  loss  coefficient 
m  -  mass  flow  rate,  lb/sec 

n  -  flow  exponent 

q  -  dynamic  pressure,  lb/ft2 

u  -  flow  velocity,  ft/sec 

4pt  -  change  in  total  pressure,  lb/ft2 

P  -  fluid  density,  lb/ft^ 

°std  “  density  at  standard  atmospheric  temperature  and  pressure,  lb/ft^ 
s  -  fluid  density  ratio  (p/°std^ 
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The  form  of  the  pressure  loss  equation  used  by  SIGNIR  is: 


oAPt  =  K  (m)n  (330) 

in  which  K  is  a  dimensional  loss  parameter  and  n  =  2.  These  values  can  be 
obtained  directly  from  the  system  test  data.  When  flow  loss  estimations  are 
required,  other  empirical  loss  data  must  be  utilized.  These  frequently  are 
presented  as  a  dimensionless  loss  parameter  (Kt)  versus  the  flow  Reynolds 
number.  The  pressure  loss  associated  with  this  loss  parameter  is  defined  by 
the  equation: 

APt  =  Kt  q,  (331) 


where , 


(332) 


Using  a  value  of  two  for  exponent  n,  these  two  loss  parameters  are  related  by: 
K  =  Kt/^2Pstd  A2)  (333) 

where  the  area  (A)  is  that  associated  with  the  dynamic  pressure  (q)  used  in 
Equation  331.  For  pressure  losses  which  occur  in  series,  the  loss  coefficient 
is  computed  by  the  equation 


(334) 


When  a  parallel  flow  system  is  employed,  the  required  loss  coefficient  is 
computed  by  the  equation: 


(333) 


Equations  422  and  423,  based  on  n  =  2,  provide  the  user  a  means  of  computing 
the  loss  coefficient  for  systems  in  which  estimated  values  are  required. 

2.  Heat  Transfer  Parameters 


Special  paths  of  heat  flow  for  the  exhaust  system  mathematical  model  can 
be  established  by  the  user  to  supplement  the  basic  program  process.  These 
improve  the  program's  general  heat  balance  by  incorporating  the  characteris¬ 
tics  of  a  specific  system  through  defining  additional  heat  transfer  paths  to 
heat  sources  or  sinks.  Heat  transfer  parameters  are  used  to  define  the  bar¬ 
rier  to  heat  transfer  for  any  surface  coolant  supply  system  and  to  special 


133 


fluid  nodes.  In  both  cases,  an  overall  heat  transfer  coefficient  is  required 
by  the  program  to  describe  this  barrier  to  heat  flow  if  it  is  to  be  included 
in  the  heat  balance. 


The  following  is  a  list  of  nomenclature  used  within  this  section. 

A  -  area  normal  to  heat  flow  path,  ft^ 

a  -  Reynolds  number  -  exponent 

b  -  Prandtl  number  -  exponent 

c  -  convection  coefficient  constant 

h  -  convection  film  coefficient,  Btu/hr-f t^-0  R 

k  -  conductivity,  Btu/hr-ft-°R 

L  -  characteristic  length,  ft 

Pr  -  Prandtl  number 

Re  -  Reynolds  number 

t  -  material  thickness,  ft 

U  -  overall  heat  transfer  coefficient,  Btu/hr-f t^-° R 
Subscripts : 


d  -  duct 
i  -  inner 
o  -  -  outer 


For  a  surface  cooling  system,  an  overall  heat  transfer  coefficient  (UA) 
can  be  employed  to  establish  the  barrier  for  a  heat  path  from  a  known  heat 
source  to  the  coolant  passing  through  the  coolant  supply  ducting  system.  If 
the  coolant  flow  rate  is  provided  as  a  fixed  program  input,  a  coefficient  is 
not  required.  If  the  heat  source  is  such  that  no  heat  transfer  will  occur 
(source  and  coolant  temperatures  identical),  a  UA  value  of  one  will  permit 
proper  program  operation  without  requiring  that  the  user  compute  the  actual 
value.  When  the  temperature  difference  exists  between  the  coolant  and  the 
heat  source,  a  supply  system  overall  heat  transfer  coefficient  should  be  com¬ 
puted  by  the  user  for  program  input.  The  path  from  the  heat  source  to  the 
coolant  normally  will  pass  through  a  series  of  barriers  which  are  both  the 
inside  and  outside  gas  films  and  duct  conduction.  For  this  series  configura¬ 
tion,  the  overall  heat  transfer  coefficient  can  be  computed  by  the  equation: 


UA  = 


(336) 


The  value  of  conduction  (k)  for  the  duct  is  a  material  property  and  can  be 
found  in  reference  material  such  as  Reference  22.  Convection  film  coeffi¬ 
cients  are  functions  of  gas  flow  properties  and  the  duct  configuration. 
These  normally  are  evaluated  through  an  equation  of  the  form: 


h 


(337) 
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Values  for  the  constants  of  a,  b,  and  c  are  usually  presented  as  a  function 
of  Reynolds  number  for  a  specific  configuration  that  can  be  found  in  numerous 
references;  two  common  references  are  24  and  25. 

When  special  fluid  nodes  have  been  incorporated  in  the  exhaust  system 
model,  an  overall  heat  transfer  coefficient  is  required  to  define  the  barrier 
to  heat  transfer  between  the  fluid  node  and  its  adjacent  node  in  the  system. 
These  normally  will  follow  a  path  from  a  surface  to  a  fluid  node  passing 
through  a  conducting  wall  and  a  convection  film.  The  overall  heat  transfer 
coefficient  is  computed  in  a  manner  similar  to  that  presented;  in  this  par¬ 
ticular  case,  the  equation  is  found  to  be: 


Again,  the  values  of  k  and  h  must  be  obtained  based  on  empirical  data. 

With  these  equations,  the  user  can  provide  the  overall  heat  transfer 
required  as  program  input  in  most  of  the  cases  that  will  confront  him. 

G.  Radiation  Coefficients  and  Source  Emissions  (SIRER) 


The  radiosity  leaving  any  surface  is  a  combination  of  the  direct  emis¬ 
sions  and  the  reflections  of  emissions  from  other  surfaces.  The  subroutine 
SIRER  determines  the  radiation  coefficients  of  R| .  which  relates  the  radia¬ 
tion  ultimately  leaving  surface  i  to  the  emissive^power  originating  at  sur¬ 
face  j. 

The  nomenclature  used  within  this  section  is  as  follows: 

A  -  area 
B  -  radiosity 

D  -  matrix  defined  by  Equation  345 
F  -  angle  factors  or  view  factors 
H  -  irradiance 
N  -  number  of  surfaces 
R  -  radiation  coefficients 
T  -  temperature 
W  -  radiant  emittance 
{  -  Kroneker  delta 
e  -  emissivity 

\()  -  matrix  defined  by  Equation  343 

Subscripts 

b  -  black  body 

i,j,k  -  relate  to  surfaces 

X  -  spectral 

Consider  a  system  of  surfaces  or  nodes  with  view  factors,  Fjj  relating 
node  i  to  node  j. 
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For  each  node,  i,  the  portion  of  monochromatic  radiosity  relating  to  sur¬ 
face  k  is: 


B.  A.  =  6.,  e  W.  ,  .A.  +  (1  -  e,  .  )  H,  .. 
Aik  1  lk  bAi  i  Xi  Xik 


(339) 


where, 


wbXi  is  the  spectral  black  body  emissive  power  at  temperature,  ,  per  unit 
area. 


Hxik  *-s  incident  spectral  radiation  on  surface,  i,  due  to  source  tempera¬ 

ture,  T^,  and  is  dependent  on  the  radiosity  from  all  surfaces. 


N 


H 


Xik  "  ^  Fji  B\jkAj 

j-1 


( 340) 


where:  Fjj  A^  =  Fj£  Aj  is  the  angle  factor  relating  node  i  to  node  j. 

N  =  total  number  of  nodes  or  surfaces. 

Substitution  of  Equation  340  into  Equation  339  yields: 

N 


B...A.  =  6 .  e,.  W...A.  +  (1  -  e  .  )  V''  F.  . 

Xik  l  lk  Xi  bXi  i  Xi  lj 


B.  ..A. 
Xjk  j 


(341) 


j-1 


5ik  CXk  WbXk 


Xjk 


j-1 


(l-e  .  ) 
Xi 


(342) 


Equation  342  represents  N  sets  of  N  equations  to  be  solved  for  the  B^ ’ s . 
Let : 


4>.  .  = 
ij 


5.  . 


_1J 


-  F.  . 


l~eXi  ji 


A. 

J 


(343) 
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Bxjk  =  Rxjk  wbxk 


(344) 


Then, 


E*.  .  R  W.  , 

ij  Xjk  bxk 


.  a  \c*  Aklw 

6ik  1-e  Wt 

L  Ik  J 


(345) 


ip  •  R  =  D 


where, 


ip  is  the  matrix  [ipij] 


D  is  the  matrix 


6ik  ^xk  Ak 

<T=*u»  J 


(346) 


R  is  the  matrix  of  radiation  coefficients  [R^j] 

SIRER  solves  Equation  346  iteratively  for  the  radiation  coefficients. 

SIRER  also  calculates  DE,  the  direct  source  emissions;  RE,  the  reflected 
source  emissions;  and,  CE,  the  cumulated  source  emissions  for  each  node,  each 
wavelength  band,  and  each  aspect  angle. 


DEk  " 


:  .  A,  W.  .  dx 
Xk  Tc  bxk 


(347) 


e/ 


j  *1 


R  W.  .  A,  dx  -  DE 
Xjk  bxj  k  K 


(348) 


2/ 

k  al 


R  W  A.  dx 
Xjk  bxk  j 


(349) 
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where  each  band  integral  is  evaluated  by  subdividing  the  interval  into  10 
equally  spaced  regions  and  using  Simpsons's  rule. 


(350) 


Ci  =  76805.4 
C2  =  25884 


X  in  microns 


T  in  ‘  R 


W  in  watts/steradean/micron/in. ^ 


SECTION  V 


PLUME  EMISSION/ABSORPTION  (PLUMIR) 


A.  Introduct ion 

The  plume  IR  module  calculates  the  emission/transmission  characteristics 
of  the  IR-active  gaseous  constituents  in  the  external  flow  field  (outer 
plume),  in  the  internal  hot  gases  (inner  plume),  and  in  the  atmosphere,  as 
seen  by  an  observer.  The  analysis  uses  molecular  band  models  to  describe  the 
spectral  distribution  of  the  average  intensity  and  width  of  the  spectral  lines 
within  the  bands.  These  models  are  derived  from  quantum  theory  and  then  mod¬ 
ified  to  match  homogeneous  empirical  data  for  a  wide  range  of  pressures,  tem¬ 
peratures,  and  wavelengths. 

The  PLUMIR  problem  divides  into  three  distinct  parts: 

•  Selection  of  rays  and  step  sizes  to  thoroughly  span  the  plume  and  to 
account  for  discontinuities  and  steep  gradient  regions  in  the  flow 
field  while  optimizing  for  greatest  efficiency. 

•  Development  of  a  gaseous  transmission  model  that  calculates  as  accu¬ 
rately  as  feasible  and  as  efficiently  as  possible.  Without  careful 
attention,  this  model  could  be  used  as  many  as  500  times  for  each 
wavelength  or  50,000  times  for  each  observer  location  and  normal 
wavelength  band  selection  of  rays,  ray  step  sizes,  wavelength  step 
sizes,  and  calculation  points. 

•  The  information  from  this  module  is  stored  on  the  problem  tape  for 
interaction  with  the  airframe,  engine,  and  totalling  and  lock-on 
modules.  The  third  section  of  PLUMIR,  therefore,  is  one  of  book¬ 
keeping  . 

B.  Geometrical  Considerations 


1 .  Flow  Field  Centerline  (TRAJCT) 

An  approximate  method  is  used  to  determine  the  curvature  of  a  jet's  axis 
by  a  lateral  flow.  It  consists  of  finding  the  curvature  from  the  condition  of 
the  balancing  of  the  force  caused  by  the  pressure  difference  at  the  forward 
and  back  surfaces  of  the  jet  by  a  centrifugal  force.  The  results  are  used  to 
predict  the  flow  field  curvature  under  the  influence  of  a  crosswind. 

Let  an  element  with  a  cross-sectional  area,  An(perpendicular  to  the 
jet's  axis),  and  the  length  in  the  direction  of  the  jet  axis,  dl,  meet  an 
external  flow  of  fluid  with  a  velocity,  Ua,  parallel  to  the  x-axis.  The 
density  of  the  fluid  in  the  jet  is  Pj;  the  density  of  the  external  flow  is 
Pa,  and  the  vector  of  the  jet  mean  velocity  is  directed  tangentially  to  the 
jet  axis  at  a  local  angle,  o,  to  the  x-axis.  (See  Figure  26  and  27). 
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g.  =  tan  a  (1) 

dx 

Investigation  of  arrow  wings  shows  that  if  the  axis  of  the  wing  forms  some 
angle,  a,  with  the  direction  of  the  velocity  of  the  undisturbed  flow,  Ua,  then 
the  aerodynamic  force  acting  on  the  wing  is  proportional  to  the  dynamic 
pressure  due  to  the  component  of  the  stream  velocity  which  is  normal  to  the 
axis  of  the  wing: 


F  =  CnFnPa 


Ua  sin^  a 


where  Cn  is  the  force  coefficient  which  depends  on  the  shape  of  the  wing  and 
Fn  is  a  characteristic  surface  area  of  the  wing. 

It  is  possible  to  approximate  a  curved  jet  by  an  arrow  wing  with  a  curved 
axis.  The  jet  is  divided  into  elementary  parts  of  length,  dl,  over  which  the 
density  and  velocity  are  assumed  constant.  The  characteristic  area  is  taken  to 
be  the  projection  of  an  element  of  the  jet  into  the  plane  parallel  to  the  jet 
axis  and  perpendicular  to  the  plane  of  the  jets  axis: 

dFn  =  hdl 

where  h  is  the  width  of  the  jet  in  the  z-direction. 

Thus,  a  solid  surface  is  substituted  for  the  jet.  The  edge  of  the  surface 
should  be  curved  in  the  direction  of  the  velocity  of  external  flow  as  deflected 
by  the  jet.  From  experimental  aerodynamics,  the  coefficient  for  such  a  surface 
element  is  of  the  order  of  one. 

Cn  =  1 


Thus,  the  force  of  the  flow  pressure  on  the  element  of  a 
CP  U  2 

dF  =  — n  -^ — —  h  sin2  a  dl 


curved  jet  is: 

(3) 


The  centrifugal  force  acting  on  the  mass  AM  of  the  same  element  on  the 
jet  equals: 


Hr  #i  *» dl 

where  R  is  the  local  radius  of  curvature  of  the  jet  axis.  According  to  the 
assumed  condition  of  equilbrium: 
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If  it  is  now  assumed  that  the  component  of  the  total  momentum  of  the  jet 
perpendicular  to  the  direction  of  the  undistributed  flow  remains  constant  in 
the  first  approximation,  then: 


p:Vj2  An  sin  a  =  p-  V:  ^  An  sin  an  =  constant,  where  a  subscript  o  applies 
,  J  , n  .  Jo  Jo  no  u 

at  the  nozzle  exit. 

Then , 


R  sin 


•)  y'3  -2  no  %  Jo 

J  a  =  i-n-  =  7T-  -r—  - — r. -  sin  a, 


h  Pa 


As  indicated  by  analysis  of  the  experimental  data  presented  in  Figure  28, 
the  cross  section  of  a  jet  under  the  action  of  a  lateral  external  flow  is  de¬ 
formed,  acquiring  a  horseshoe-shaped  contour  even  at  a  slight  distance  (L/d0  a 
1.5)  from  the  exit.  If  we  assume  that  the  width  of  the  horseshoe-shaped  cross 
section  is  proportional  to  x  (instead  of  L)  and  that  the  rate  of  expansion  is 
the  same  as  that  of  a  rectangular  jet  (C  =  0.22),  we  obtain: 

h  =  2.25  dQ  +  0. 22x  (8) 

where  d0  defines  a  circle  of  area  equal  to  the  initial  cross-sectional  area 
of  the  jet. 


Then  Equation  7  can  be  written: 


I 


Thus , 


1  .22k 


,.22k  .22kx^  4.5kx  9  »  ^  .44kx  4.5k 

^d7“  +  “»  cot  “o  +  -T37-  +  — 


-IT 22k 

cot  . 


4.5k 


o  n 


or, 


y_ 

<U 


=  09a  In 


10  *  t  *V(U2  * 20 t  * 7*  "t2  *< 


10  +  fJa  cot  a( 


(12) 


where , 


P  •  V  •  ^ 

Jo  VJ0  .  , 
c  p  u  2  sm" 
Vaua 


A  comparison  of  theory  and  data  from  Reference  26  is  shown  in  Figure  29. 
2.  Ray  Selection  (TRAJCT,  ALA) 

The  plume  IR  emissions  are  calculated  by  selecting  a  number  of  rays  that 
emanate  from  the  observer  and  span  the  plume.  Best  accuracy  will  be  obtained 
either  by  using  a  larger  number  of  rays  or  by  a  judicious  selection  of  a 
lesser  number  of  truly  representative  rays.  Because  of  the  large  number  of 
calculations  involved,  it  is  worthwhile  to  evaluate  the  IR  for  as  few  rays  as 
feasible  while  still  maintaining  the  accuracy. 

The  criteria  used  for  the  selection  of  the  rays  are: 

1.  The  rays  should  be  more  closely  spaced  in  the  higher  temperature 
regions  near  the  exhaust  exit. 

2.  Regions  internal  to  the  exhaust  system  should  not  be  lumped  with 
external  regions  because  the  characteristics  are  different. 

To  solve  this  problem,  the  following  geometrical  assumptions  have  been 

made : 


1. 


The  coordinate  system  is  selected  such  that  the  centerline  of  the 
flow  field  lies  in  the  XT  plane. 


DOWNSTREAM  LOCATION,  y/d 


1.0  2.0  3.0  4.0  5.0  6 .  ( 


LATERAL  LOCATION,  x/d 


Q  d  =  20  nun 
f~)  d  -  14  nun 

-  THEORY 

/\  d  =  20  mm 
d  =  14  mm 
- THEORY 


} 

} 


=  4.75,  Of=90° 

qoi 

qo2 

- —  =  16.35,  a=90° 

qoi 


2.  The  axis  of  the  exhaust  system  coincides  with  the  X-axis. 

3.  The  crosswind  always  turns  the  flow  toward  the  positive  Y  axis. 

4.  The  exhaust  plane  is  angled  Y  degrees  to  the  X-axis. 

Five  flow  field  axes  are  selected  as  follows: 

The  first  axis  is  a  line  in  the  X-Y  plane  that  passes  through  the  origin 
and  (usually)  the  final  point  (PD)  of  the  flow  field  centerline.  If  the  axis 
so  chosen  is  within  20  degrees  of  the  observer  line  of  sight  through  the  ori¬ 
gin  it  is  rotated  to  a  position  20  degrees  from  the  observer  line.  This 
avoids  calculation  of  rays  too  closely  spaced  while  still  ensuring  that  the 
rays  do  pass  through  the  plume. 

The  remaining  4  axes  are  chosen  to  lie  parallel  to  the  first  but  removed 
from  it  at  distances  _+  Dj  and  +  D2  in  a  direction  normal  to  the  elevation 
plane  to  the  observer.  D^  is  usually  2/3  the  distance  from  the  origin  to  the 
exhaust  surface  and  D2  is  twice  that  distance. 

Along  each  axis,  ray  intercept  points  are  selected.  The  calculation  rays 
are  lines  defined  by  a  ray  intercept  point  and  observer  location. 

The  primary  intercept  points  are  chosen  according  to  the  following 
algorithm: 


ZDi  =  Sa  X  (R™)N  f0r  N=1>  DL 

where  R,„  satisfies  the  relationships: 
«m  =  1  +  H  d--Rm>1/DL 


(13) 


AL  =  length  of  the  Plume 
R8  -  Exhaust  Exit  Radius 


DL  =  approximate  number  of  rays  spanning  one  axis 

R8/DXA  =  spacing  from  origin  to  closest  ray  intercept  point 


The  portion  of  the  flow  field  axis  associated  with  each  ray  is  deter¬ 
mined  by  the  bisectors  of  the  point  being  evaluated  and  its  two  neighboring 
po ints . 


3 .  Additional  Ray  Intercept  Points  (Figure  30) 


Since  the  plume  internal  to  the  exhaust  system  has 
istics  than  the  external  plume,  the  ray  point  bisectors 


different  character- 
described  above  should 
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coincide  with  the  exhaust  exit  plane.  A  similar  situation  also  occurs  for 
when  there  is  an  external  centerbody  surface. 

The  problem  then  is  to  find  the  rays  which  intercept  both  the  flow  field 
axis  and  the  exhaust  system  at  the  exit  plane.  For  this  calculation,  the 
following  information  is  given. 

The  exhaust  exit  is  rectangular  in  cross  section  with  a  width  along  the 
Y  axis  equal  to  R8  and  along  the  Z  axis,  aR8. 

The  flow  field  axis  makes  an  angle,  with  the  X-axis. 

The  given  information  is: 

•  The  observer  is  located  at  PV(XV,  YV,  ZV)  where, 


XV  =  DS  cosa  cos0 
XY  =  DS  sina  cos0 
ZV  =  DS  sin0 

(14) 

DS  =  distance  to  observer 
a  =  aspect  angle  from  tail-on 
0  =  elevation  angle 


The  exhaust  shape  is  defined  by: 

YE  =  _+  R8  for  |ZE|  _<  aR 
ZE  =  _+  aR  for  |  YE  |  <  R 
and,  XE  =  YE/tany 
The  flowfield  axis  is  given  by: 

Y  =  X  tan  D  +  DZ  sin0  (-2YM) 

(15) 

Z  =  DZ  cos© 

YM^O  only  for  a  second  plume  as  described  in  the  subsequent  Section 
V.B.4. 


Solution  A 

Assume : 

YE  =  R  (R  -  R8) 

The  equation  for  the  X-Y  projection  of  the  viewer  ray,  PE-OV,  is: 

Y-YV  _  R-YV 

X-XV  ~  R/tany-XV  “  A° 


(16) 


or, 

Y  =  YV  +  (X-XV)  A0 

Combining  this  with  the  flow  field  Equation  15  yields: 

X  tanD  +  DZ  sin6  -  2YM  =  YX  +  (X-XV)  A0 

or, 

XQ  =  (YV-XV  A0  +  2YM  -  DZ  sin8)/(tanD  -  A0) 

The  line  through  PV  and  XQ  extended  to  the  exhaust  exit  yields: 

ZE  -ZV  _  R/tan  y-XV 
DZ  cos9  -  ZV  XQ-XV 

or, 

ZE  =  ZR  + 

If  |  ZE  |  <_  aR8,  then  ZM  =  XQ/cosD 
Solution  B 

Assume : 

ZE  =  a  R  (R  =  jfR8) 

Then,  the  equations  for  the  ray,  PE-PV,  are: 

Z-ZV  _  aR-ZV 
X-YV  =  XE-XV 

Z-ZV  _  aR-ZV 
Y-YV  XE  tany  -  YV 

Combining  these  equations  with  the  flow  field  Equation  15  yields: 
XQ-XV  =  (YE/tany-XV)  (B0) 

YQ-YV  =  (YE/YV)  B0 
where , 

ZQ-ZV  _  DZ  cos 9  -  ZV 
B°  ~  aR-ZV  =  aR-ZV 


(DZ  cosD-ZV)  x  (R/tany-XV)  (tanD 
(YV-XV  tanD  -  DZ  sin8  >  2YM) 


(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 
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Y  =  X  tanD  +  D2  sine  “  2YM 


=  XV  +  B0  (YE/tana  -  XV)  tanD  +  DZ  sine 
=  YV  +  (YE-YV)  Bn 


from  which, 

=  1-Bn  (XV  tanD  -  YV)  +  DZ  sine  ~  2YM  (26) 

B0  (1  -  tan  D/tan-y) 

If  | YE |  _<  R,  ZM  =  XQ/CD 

where , 

XQ  =  XV  (1-B0)  +  B0  YE/tany  (27) 

4 .  Plume  Through  Plume  Calculations 

Often  two  identical  engines  are  installed  on  a  given  aircraft.  These 
engines  usually  are  located  symmetrically  about  the  airframe  centerline 
which  coincides,  for  in-flight  conditions,  with  the  crosswind  direction.  The 
further  plume  will  never  be  completely  obscured  by  the  near  plume,  but  may 
contribute  as  little  as  15%  of  the  total  radiation. 

The  analysis  of  two  plumes  is  performed  by  creation  of  an  "image"  half 
plane  and  treating  the  extension  of  the  viewer  ray  into  the  image  plane  as 
a  reflection  back  through  the  forward  plume  in  the  "real"  plane. 

a.  Critical  Angle 


The  obscurance  is  most  effective  when  the  viewer  is  in  the  horizontal 
plane.  If  the  viewer  lies  at  an  elevation  angle  too  far  removed  from  the 
horizontal,  the  obscurance  effects  can  be  neglected.  The  critical  angle  of 
elevation  for  the  plume-through-plume  calculation  to  be  deactivated  is  de¬ 
fined  by: 

®CR  =  tan-1  (aR8/YM  cos$)  (28) 

where,  aR8  is  the  half  width  of  the  exhaust  system  normal  to  the  plane  of 
the  flow  field  and  YM  cosfi  is  half  the  distance  between  the  centers  of  the 
exhaust  exits  (see  Figure  31). 

If  the  evaluation  angle  exceeds  the  critical  value,  the  program  will 
comment  on  that  fact  and  calculate  for  one  plume  only.  The  final  result 
then  must  be  the  sum  of  the  results  for  the  two  plumes  evaluated  separately, 
one  at  the  specified  aspect  angle  and  one  at  the  image  angle. 


■ 


Figure  31.  Critical  Elevation  Angle  for  Plume-Through- 
Plume  Calculation. 
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Figure  32.  Flow  Field  Intercept  Points  for  Single  and 
Dual  Plumes. 
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b .  Flow  Field-  Axes 

For  a  single  plume,  the  flow  field  axes  were  selected  to  lie  in  the 
X-Y  plane  and  in  planes  removed  at  distances  normal  to  the  evaluation  plane 
to  best  represent  the  region  associated  with  each  ray  as  shown  in  Figure  32a. 

For  two  plumes,  the  best  representations  are  selected  as  the  planes 
passing  through  points 

1.  bisecting  the  two  systems 

2.  the  origin  of  both  systems 

3.  points  D1  removed  from  the  origin 

This  selection  is  determined  by  the  limitation  to  only  five  axes  which 
are  symmetrically  located  about  the  initial  axis.  This  distribution  is 
asssumed  in  the  TOTALR  module  and  cannot  be  modified  easily. 

The  projection  of  the  two  exhaust  systems  in  the  X-Y  plane  is  shown  in 
Figure  32b.  The  following  information  is  considered  known: 

1.  The  primary  exhaust  is  centered  at  X  =  0 ,  Y  =  0 ,  Z  =  0  with  its 
centerline  along  the  X  axis. 

2.  The  secondary  exhaust  is  centered  at  X  *  -2YM  cos{  sinfi; 

Y  *  2YM  cos6  cosfi  (29) 

Z  =  2ZAD. 

3.  The  plane  of  symmetry  is  defined  in  the  X-Y  plane  by: 

Y  =  X  t an j  +  YM  (30) 

where  $  is  the  crosswind  angle. 

4.  The  flow  field  axis  is  defined  by: 

Y  =  X  tanD  +  D1  sine  (31) 

5.  The  exhaust  exit  plane  is  inclined  at  an  angle,  y,  to  the  X-axis. 

c .  Method  of  Calculation 

The  plume /atmosphere  of  the  ray  is  calculated  in  the  same  manner  as  for 
a  single  plume  in  the  real  half-plane  (see  Figure  33).  The  extension  into 
the  image  plane  at  D'  is  handled  as  if  the  observer  were  located  at  the  image 
viewer  point  (Py* )  and  the  intercept  was  at  D".  The  problem  reduces  to  find¬ 
ing  the  value  of  D'  (or  D")  and  the  point  Py'. 


Image 

Semi- 


Projection  of  Primary  Exhaust  System  and  Image  Exhaust  System  About 
le  of  Symmetry. 


and  , 


Image  (X,  Y,  Z)  =  (X'  Y',  Z') 

To  Find  Coordinates  of  D" 

To  find  the  coordinates  of  D" ,  given  D  at  XD,  YD,  ZD: 
The  ray  angle  in  the  XY  plane  is  defined  as: 


+  tan  4 


4 

=  -TANA 


YD-YV 

XD-XV 


(34) 


(35) 


The  X,  Y  coordinates  of  point  Q  on  the  plane  of  symmetry  are  defined  by 
the  intercept  of: 

YQ  =  YV  +  tan6  (XQ-XV) 


and  , 


YQ  =  YM  +  XQ  t an6 
Therefore : 


(YV  -  XV  tana  -YM) 
(tan6  -  tana) 


(36) 


(37) 


The  ray  to  point  Q  from  the  observer  image  is  then  defined  by: 

Y-YV1  _  YQ-YV'  _  , 

X-XV'  ~  XQ-XV'  ~  A 


(38) 


The  intercept  of  this  ray  with  the  flow  field  axis  (Y=X  tanD  +  Dj  sin6)  is: 

Y  =  YV'  +  A'  (X"-XV' )  =  X"  tanD  -  Di  sin0  (39) 

or, 


x"  -  W-A'XV'-Dj  slne 
tanD-A' 

D"  =  X"/CD 


(40) 


The  value  of  Z  (ZD")  at  the  point  D"  is  derivable  then  from  the  relationships 

ZQ-ZV  _  ZD-ZV 
XQ-XV  =  XD-XV 
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and,  (41) 

ZQ-ZV1  =  ZD"-ZV 1 

XQ-XV'  =  XD"-XV' 

5 .  Plume-Ray  Segments  (STARTA) 

A  schematic  projection  of  the  plume  in  the  XY  plane  is  shown  in  Figure 
35.  The  procedure  used  in  STARTA  is  to  1)  find  the  intersection  of  the  ray 
with  each  of  the  lines  bounding  the  plume,  2)  test  each  intercept  to  deter¬ 
mine  whether  they  lie  on  the  segment  of  interest,  3)  select  the  points 
corresponding  to  the  maximum  and  minimum  values  of  X,  4)  test  whether  the 
points  exceed  the  limits  in  the  Z  direction  and,  if  so,  shorten  the  ray 
segment,  and  5)  test  that  both  points  are  not  internal  to  the  exhaust  system. 

The  ray  is  defined  originally  by  a  distance  D  along  the  flow  field  axis. 
This  value  of  D  is  used  to  calculate  a  point,  D'  which  defines  the  intercept 
of  the  ray  with  the  Y  axis.  The  ray  then  is  defined  by: 

Y  =  D'  X  tanA  (42) 

The  flow  field  boundaries  themselves  are  defined  by  the  lines: 

*1:  Y  =  -X/tanD  +  RA 

where  RA  =  -XD/tanD  +  YD.  (43) 

*2:  Y  =  -GMA  x  RZ  x  TN2  -  RZ  -  X  *  TN2  (44) 

where  RZ  is  the  width  of  the  exhaust 
in  the  Y-plane;  TN2  is  the  slope  of  the 
line  from  PZ2  to  PQ,  the  line  from 
PZ2  to  PL,  or  zero,  whichever  is  less. 

13:  Y  =  +RZ ,  the  sides  of  the  exhaust  system.  (45) 

14:  X  =  XE,  the  inner  boundary  of  the  exhaust  system.  (46) 

15:  Y  =  B  +  X  tanD 

where  B  =  XD/tanD  +  RD  -  RQ/sinD  (47) 

16:  Y  =  X  TNI  +  B 

where  B  =  1 . 2  x  rz  (48) 

TNI  =  Slope  of  the  line  from  (0,  B)  to  PV. 
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Viewer  Ray 


c. 


Gaseous  Emissions 


When  examined  spectrally,  radiation  from  a  jet  engine  varies  from  the 
characteristically  smooth  distribution  of  graybody  radiation  because  of  the 
gaseous  effects  of  the  plume  and  atmosphere.  Gaseous  molecules  absorb  and 
emit  in  specific  wavelength  bands.  From  tail-on,  the  graybody  emissions 
from  internal  exhaust  hot  parts  predominate  over  most  wavelengths  and  the 
gaseous  effects  are  evident  only  as  absorption  "dips".  From  broadside,  the 
broader  emission  from  the  hot  plume  is  absorbed  partially  by  the  cooler 
atmosphere  leaving  two  emissions  "spikes". 

The  gaseous  emission/absorption  effects  through  the  nonhomogeneous  paths 
of  plume  and  atmosphere  to  an  observer  depends  on  the  molecular  behavior  of 
the  gaseous  constituents. 

The  analytical  base  for  the  SCORPIO  calculation  model  is  derived  in  the 
following  paragraphs. 

The  nomenclature  used  in  this  section  is  as  follows: 


a 

Be>Bl>B2 

c 

C 

C 

d 

E 

g 

h 

I 

J 

k 

k 

L 

n 

n 

N 

N 

NDZ 

P 

?E 

r 

S 

S 

T 

u 

x 

x 

X 


(Tn  +  tc)/yd 

Rotational  constants  for  each  gas 
Speed  of  light 

Concentration  of  IR-active  constituent 
Correction  parameter  for  partially  overlapped  lines 
Spectral  line  spacing 
Energy  level 

Statistical  weight  or  degeneracy  of  a  state 

Planck's  constant 

Moment  of  inertia  of  molecule 

Irradiant  energy 

Boltzmann's  constant 

Absorption  coefficient 

Total  ray  length 

Vibrational  quantum  number 

An  integer 

Number  of  energy  states 

Blackbody  Emissive  Power  per  unit  area 

Measure  of  size  of  subareas  for  calculation 

Probability  of  local  absorption  coefficient 

Effective  broadening  pressure 

Radial  distance  from  engine  centerline 

Spectral  line  intensity 

Average  spectral  line  intensity 

Temperature,  °  R 

hcv/kT 

Axial  distance  from  nozzle 
Distance  along  a  ray 

Optical  path  length  (concentration  *  density  *  distance) 


a 

» 

Y 

Ah 

6 

6 

e 

X 

v 

+ 

5 

P 

P 

T 

a)  ,ai 1 

AWvo 

Aa)e 


Integrated  band  intensity 
hc/4BekT 

Spectral  line  half  width 

Difference  in  wave  number  of  band  lead  and  band  center 

Integral  change  in  vibrational  quantum  number 

Derac  Delta  function 

Emissivity 

Wavelength,  pm 

Frequency 

Functions  associated  with  correction  parameter,  C 

(w-i»)u)/vD 

Radiation  density 

Density 

Transmissivity 
Wave  number,  cm~l 

Value  of  energy  level  above  the  ground  state 
Difference  in  wave  number  of  band  center  resulting  from 
electronic  emissions 


Subscripts 

o 

1,2,3 

C 

D 

e 

i 

j 

n,n+,n- 

N 

P,R,Q 

r 

u 

v 

X 


At  origin  of  ray 
Locations  on  engine  surface 
Collision  broadening 
Doppler  broadening 
equivalent 

Principle  quantum  number 
Transition 

Ray  element 

Natural  line  broadening 

Associated  with  P,R,Q  branches  respectively 
Typical  value 

At  upper  level  of  transition 
Specific  frequency 
Specific  wavelength 


1 .  Transfer  Equation 

The  equation  for  the  radiation  along  a  single  ray  is  formulated  as  fol¬ 
lows.  Consider  the  intensity  of  radiation  for  a  small  element  of  a  ray. 
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A  Small  Volume  Element  of  a  Ray 


JX  is  the  intensity  of  radiation  at  wavelength,  X,  entering  the  element. 

JX  +  dJX  is  the  intensity  of  radiation  leaving  the  element. 

kg  is  the  absorbed  in  the  element  per  unit  distance.  The  emission  and 
absorption  coefficients  are  equivalent  at  the  same  temperature  and  wavelength. 

Nx  is  the  blackbody  emissive  power  associated  with  the  temperature  of  the 
element  at  wavelength,  X.  A  radiation  balance  on  the  element  leads  to  the 
transfer  equation: 
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(49) 


If  it  is  assumed  that  the  gas  can  be  suitably  represented  by  small  homo¬ 
geneous  elements,  the  total  integration  then  can  be  evaluated  properly  as  a 
suramat ion . 


n 


where  has  been  assumed  constant  from  xn+  to  xn_. 


n  ■“  (50) 


J^0  represents  the  surface  emissions  as  has  been  discussed  already. 
The  expression: 


represents  T  (L-xn),  the  transmissivity  over  the  path  from  xn  to  L.  Equation 
(50)  therefore,  can,  be  rewritten  as: 
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(51) 


J*L  ”  Jxo  T  (D  +  ^  NXn  [  t(L  -  xn+)  -  t  (L  -  xn_)] 

n 

The  subsequent  analysis  and  discussion  are  concerned  with  the  evaluation 
of  these  transmissivities. 

On  a  per  steradian  of  source  basis,  the  spectral  radiant  intensity  at 
the  observer  becomes: 


n 

where  1/r^  is  equal  to  one  steradian. 
2.  Molecular  Behavior  of  Gases 


The  spectral  distribution  of  radiation  from  gaseous  molecules  is  not 
continuous  but  is  found  only  at  selected  wavelengths  as  discrete  spectral 
lines.  The  location  and  intensity  of  the  possible  lines  for  each  molecular 
type  can  be  determined  approximately  by  detailed  quantum  analysis.  Any 
given  molecule  can  vibrate  only  in  specific  states  and  only  in  one  state  at 
a  time.  The  probability  that  a  photon  of  energy  will  be  absorbed  depends 
on  the  probability  of  its  meeting  a  molecule  that  is  in  a  proper  state  to 
receive  the  energy  of  that  photon. 

The  analysis  that  follows  defines  the  possible  line  distributions  of  a 
single  molecule  and  relates  the  result  to  the  transmission  along  a  finite 
nonhomogeneous  path. 

Absorption  or  emission  by  a  gas  is  the  result  of  combined  vibrational, 
rotational,  and  electronic  transitions  from  one  energy  level  to  another. 

hv  =  hew  =  AEvib  +  AErot  +  AEelec  (53) 

Quantum  mechanics  can  predict  theoretical  emission  and  absorption  spectra 
for  gas  molecules  in  terms  of  fundamental  parameters.  The  predictions  are 
based  on  solutions  to  the  to  the  Schrodinger  wave  equation  of  Quantum  Theory. 
For  gases  other  than  the  simplest  diatomic  molecules  at  low  temperature  levels, 
the  solution  can  become  complicated  and  impractical.  However,  complex  mole¬ 
cules  can  be  approximated  by  simple  molecules  to  determine  their  gross  behav¬ 
ior.  This  to  the  approach  taken  in  SCORPIO-N.  The  triatomic  molecules  CO2 
and  H2O  are  analyzed  as  simple  harmonic-oscillator,  rigid-rotator  systems. 

An  exact  derivation  of  the  equations  used  is  beyond  the  scope  of  this 
report.  An  attempt  is  made,  however,  to  provide  a  quantitative  physical 
meaning  to  the  parameters  involved.  The  justification  of  the  approximations 
and  the  theory  lines  in  the  validity  of  the  results  obtained. 
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To  understand  the  behavior  of  a  molecule,  it  is  instructive  to  consider 
the  behavior  of  a  simple  diatomic  harmonic  oscillator,  rigid  rotator  as  shown 
in  Figure  36.  The  atoms  of  the  molecule  rotate  rigidly  about  its  center  of 
mass.  If  its  rotation  energy  is  increased  slightly,  the  size  of  the  orbit  is 
increased  a  small  amount.  Since  energy  is  gained  or  lost  by  discrete  amounts, 
photons,  the  changes  are  not  continuous. 


Figure  36.  Schematic  of  a  Diatomic  Molecule. 


The  atoms  also  are  free  to  vibrate  along  the  axis  or  normal  to  the  axis 
joining  the  two  atoms.  The  frequencies  at  which  an  atom  can  vibrate  are 
distinct  and  specified  by  molecular  constants  (mass,  radius).  There  is  a 
fundamental  frequency  for  each  diatomic  molecule. 


A  triatomic  molecule  is  more  complex  because  vibration  patterns  can  be 
composed  of  various  combinations  of  vibrations  of  the  individual  atoms. 

There  are  three  fundamental  frequencies,  vi,  associated  with  each  triatomic 
molecule.  Each  molecule  can  vibrate  at  any  multiple  of  the  fundamental  fre¬ 
quencies.  These  multipliers,  the  vibration  quantum  numbers,  define  the 
specific  state  of  the  vibration  of  the  molecule.  Absorption  or  emission 
occurs  when  a  molecule  changes  from  one  energy  state  to  another. 


A  change  in  vibration  state  is  a  large  change  from  one  energy  level  to 
another.  The  frequency  at  the  center  of  a  spectral  emission  or  absorption 
band  corresponds  to  the  change  in  vibrational  energy.  If  a  vibrational  change 
were  never  accompanied  by  a  rotational  change,  the  observable  emission  band 
would  be  a  single  spectral  line.  In  fact,  rotational  energy  changes  occur 
simultaneously  with  vibrational  changes,  and  the  corresponding  frequencies 
are  observable  as  bands  of  spectra  lines.  These  bands  are  broader  at  high 
temperature  where  sufficient  energy  is  available  to  excite  higher  rotational 
states . 
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Individual . spectral  lines  have  a  finite  width  dependent  on  the  transport 
and  molecular  properties  of  the  gas.  The  lines  may  be  distorted  or  may  par¬ 
tially  or  completely  overlap  as  the  width-to-spacing  ratio  varies. 

3.  Vibrational  Energy 

Emission  (or  absorption)  by  a  gas  is  principally  the  result  of  a  tran¬ 
sition  from  one  vibration  state  to  another  and  consequent  release  (or  acqui¬ 
sition)  or  quantums  of  energy.  The  permissible  energy  states  of  a  gas  can  be 
specified  by  the  principle  quantum  numbers  (n^,  n2 ,  03).  Associated  with  each 
quantum  number,  nj,  there  is  a  fundamental  or  natural  vibration  frequency,  n^, 
as  given  in  Table  5  for  CO2  and  H2O. 


Table  5.  Fundamental  Frequencies  of  CO2  and  H2O. 


Quantum 

Number 

co2 

h2o 

ni 

vi  (cm-1) 

vi  (cm-1) 

1 

1388 

3651.7 

2 

667 

1595 

3 

2349 

3755.8 

The  energy  W,  stored  in  an  active  vibrational  mode  is  obtained  approxi¬ 
mately  from: 


W  =  he 


■J 

7:  niui 


(34) 


i=l 


where  u£  m  hvi/kT 
The  transitions  can  be  noted  by: 

ni  *  ni  +  $ij 


(55) 


where  i  refers  to  the  ith  quantum  number,  j  to  a  particular  emission  band, 
and  the  fi's  to  the  corresponding  changes  in  the  quantum  numbers. 
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Since  each  quantum  numbers,  n£,  can  assume  all  values  from  0  to  ®,  a 
particular  set  of  6's  gives  rise  to  an  emission  band  containing  a  number  of 
transitions.  The  strongest  or  most  probable  transition  is  that  for  which  the 
lower  level  is  the  lowest  possible  state.  This  generally  is  the  ground  state 
for  which  nj^  =  n2  =  03  =  0.  The  emission  bands  and  corresponding  basic  level 
transitions  being  considered  in  SCORPIO-N  are  listed  in  Table  6. 

The  integrated  intensity  of  a  specific  emission  band  contains  contribu¬ 
tions  from  the  basic  level  transitions  and  from  the  "hot"  transitions  for 
which  the  lower  level  is  above  the  ground  state.  The  integrated  intensity  of 
a  "hot"  transition  qj  (n^)  is  related  to  the  ground  level  transition,  qj  (0), 
by: 


3  r 


a; 


J_(ni2 

«j  (0) 


£ 

i=l 


(ni 


<ij>  ! 


ni ■  «ij 


1 1 11 1 


(56) 


The  total  contribution  for  all  transitions  is  found  by  summing  equation  (56) 
over  all  r\£. 


or : 


°j  (0) 


£  £ 


i=l 


n£=0 


-u;n; 


(ni 


+  5ii>!. 


ni !  fiij! 


xie 


(57) 


where  X^  =  1  for  nongenerated  transitions  and  equals  the  redundancy  for  degen¬ 
erate  vibrations. 

Given  the  mathematical  relationship 


(1-X) 


(R+n-1 ) ! 
(R-l ) !  n! 


X" 


(58) 


N=0 


equations  (57)  for  X^  =  1  becomes: 


a  j 


qj  (0) 


3 

n 

i=l 


(l-e^i)  "(5ij+1) 


(59) 


The  integrated  intensity  of  the  transition  for  which  the  lower  level  is 
the  ground  state  can  be  found  from  a  number  of  texts  as: 
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Table  6.  Transition  Band  Centers  and  Integrated  Intensity. 


Gas 

Wave  Number 
at  Band 
Center  w: 
(cm-l ) 

Wavelength 

Transition 
nln2^n3 
n  ln  2  3 

Integrated 

Band 

Intensity 
a:  ( 300K) 

(cm“2)  atm-* 

h2o 

10273 

0.94 

121 

000 

0.17 

8757 

1.14 

111 

000 

0.872 

7221 

1.38 

101 

000 

22.77 

5335 

1.87 

011 

000 

28.1 

3755 

2.66 

001 

000 

263.4 

3650 

2.74 

100 

000 

27.05 

3151 

3.17 

020 

000 

2.23 

1595 

6.3 

010 

000 

485.4 

0 

20+ 

000 

000 

159.9 

co2 

5109 

1.96 

20°  1 

00°0 

0.426 

4984 

2.01 

12°1 

00°0 

1.01 

4861 

2.06 

04°1 

00°0 

0.272 

*3716 

2.69 

10°1 

00°0 

42.3 

*3609 

2.77 

02°1 

00°0 

28.5 

*2349 

4.26 

00°  1 

00°0 

2706. 

2094 

4.78 

1 2  2 1 

0^0 

0.02 

2077 

4.81 

1110 

00°0 

0.127 

1933 

5.17 

03^0 

00°0 

0.083 

1064 

9.40 

00°1 

02°0 

0.0532 

961 

10.41 

00°1 

10°0 

0.0291 

742 

13.50 

1^0 

0220 

0.22 

721 

13.87 

10°0 

01*0 

7.5 

*667 

15.0 

01*0 

00°0 

240.0 

* 


Isotope  Not 


Included 


T_o 

T 


(60) 


“i  (0) 

Vi  (0) 


n  ( 1 — e  — u i )  8i 


where  aQj  (0)  is  the  integrated  band  intensity  evaluated  at  a  reference 
temperature,  T0; 

g£  if  the  degeneracy  of  the  ith  vibrational  mode  (g£  =  1  implies  no 
degeneracy) . 


For  H20:  g£  -  1,  1,  1 
For  C02:  g£  ■  1,  2,  1 


(61) 


Combining  equations  (59)  and  (60)  for  g£  =  1  yields: 


(L_e  -hcu>/kT  ) 
n  (l  -  e-ul  6ij) 


Jo 

T 


i=l 


e-AWyo/kT 

e-AWV0/kT0 


(62) 


where  now: 


aQj  (0)  has  been  replaced  by  aQj  (L)e^^vo  to  account  for  the  cases  for 
which  the  basic  transition  aQj  (L)  is  itself  a  "hot"  state  with  an  energy 
E=hc(AWvo)  above  the  ground  state  (see  Table  7). 

For  the  liner  molecule,  C02 ,  allowance  must  be  made  for  the  degeneracy 
of  the  second  vibration.  The  degeneracy  is  introduced  through  the  additional 
quantum  number  i,  which  measures  the  angular  momentum  in  units  of  h/2.  Since 
*•  can  assume  all  the  values  from  -n2  to  +n2,  there  is  a  redundancy  X2  = 

2n2+l  associated  with  v2  frequency  if  the  slight  difference  in  energy  level 
associated  with  different  I's  is  ignored.  Therefore,  the  second  summation 
of  equation  (57)  becomes: 


168 


169 


00 

£ 


(2n2  +  l)(n2  +  <5  2  j  ) ! 
n2  •  «2j! 


”U2n2 

e 


S(n2  +  6  2 j  )  •  e  ~u2n2 
n2!  6 2 j  ! 

n2=0 


2(n2-  1  +  62j+  1) 

(n2  -  1)  !  ({  2 j  +  1 )  •' 


<S2j  *  U 


-U2n2 

e 


=  (1  - 


-^2)"62j 


+  1 


2(5 


2j 


1)  e~U2  (1  - 


>_u2  2J 


+  2 


(63) 


or, 


(1  ~  e  U2  )  +  2 ( 6 2 j  +  De 
(1  -  e-“2)  52j  +  g2 


-ii2 

D2/(l  -  e  ) 


2j 


(64) 


where  D2  =  1  +  ( 1  +  252j)e  U2  can  be  thought  of  as  a  factor  to  account  for 
the  degeneracy  of  the  second  vibrational  mode. 


4 .  Partially  Overlapped  Lines 

The  parameters  controlling  the  spectral  emissivity  are  the  average  line 
intensity,  S/d,  and  the  average  line  half  width,  y/d.  To  account  for  the  line 
structure,  an  equivalent  emission  band  can  be  defined  which  gives  the  correct 
spectral  transmissivity  in  the  two  limiting  cases.  For  completely  overlapped 
lines,  the  transmissivity  through  a  homogeneous  gas  of  optical  path  length, 

X,  is  given  by: 


t  =  exp 


-  £ 

i=l  „ . _n 


(S.  ./  )X 
tj  d 


n  j  =0 


Therefore,  the  equivalent  line-to-spacing  ratio  is: 


(S/d). 


3 

n 


co 

£ 


i=l  nj-0 


<Sij/d> 


(65) 


(66) 
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For  completely  nonoverlapped  strong  lines,  the  transmissivity  is  given 


t  =  exp 


n  E  ^ 


or:  t  =  exp  -  £ir(S/d)e  (y/d)e  xj1^2  (68) 

where  y^j  is  the  half-width  of  the  line. 

For  simplicity,  y/d  is  taken  to  be  proportional  to  yD/d,  the  basic  level 
width-to-spacing  parameter  or  y/d  =  e  yQ/d  where  e  is  independent  of  temper¬ 
ature  . 

The  equivalent  value  of  y/d,  then  is  defined  as  the  product  of  e  yQ/d  and 
C^(u£  5),  a  function  of  temperature  to  be  determined. 

Using  equations  (66)  and  (68)  we  have: 


(0(D  ■  (i)(r)  “  c2<“i’i) 


Then,  since  ( S /d ) £  is  proportional  to  a(n£): 


C(uif  «) 


{£  [.  <.t»]if/ £  .<*> 


C(u,,  5) 


\  (n  +  <5 ) !  X  -un]  \  '  (n  6) 

|  {_  n!  <5!  6  J  j  /  /  -J  n!  «! 


)!X  -nu 
—  e 
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The  denominator  of  the  above  expression  has  been  evaluated  previously: 

-(6  +  g)  g“l 

■  (i  -  o  [  >  *  <1  ♦  **>•"“] 

The  numerator  can  be  evaluated  with  the  aid  of  the  following  approximate 
relationships  obtained  from  Reference  27: 


4  (u,  6)  = 

E| 

(n  +  6 ) !  c  \ 

n!  6!  CXP  ('nu) 

1/2 

(72) 

n=0 

4  (u,  0)  = 

^  1  -  exp  (-u/2)J 

(73) 

♦  (u,  6)  = 

1  + 

i(!)6/2"r(!  * 

>)/(«'-)1/2. 

(74) 

Then : 

(u,  S)  =  4) 2  (u,  6)  (1  -  e  -u)  (75) 

where , 

i(j2  (u,  6)  =  *2  (u,  S)  for  g  =  1 

For  the  2nd  vibrational  mode  of  C02(g  =  D: 


Let  S 


Let : 


Then : 


-  X)  [(nl  •*’ 


1/2 


(76) 


F(n) 


n=0 


(n  +  6)!  ,  s 

(n  -  lTTT  exp  (_un)_ 


11/2 


S  =  1  + 


E(^) 


1/2 


(77) 


F(n)  =  1 


_  v  1/2 

*/3E(2-^) 1 


F(n) 


n=l 


n=l 


(78) 
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Since  F(n)  is  falling  off  exponentially  with  n,  not  too  much  error  is  intro¬ 
duced  by  the  approximation: 


S  = 


1  +  /3  ^  F(n) 


n=l 


or, 


S  =  1  + 


r(m  +  6  +  D! 

/  i  L  m!  (6  +  1)1 


(6  +  1)  e 


-(m  +  l)u’ 


1/2 


m=0 


(79) 


=  1  +  /3(6  +  l)/eu  $  (u,  6+1) 


(80) 


Then: 


u  1 


(81) 


*  (u,  8)  =  1  +  ^3(6  +  1)  4> 2  (u,  6  +  De""  [l  +  (1  ±  26)  e 

for  u  =  U'  of  CO2 
5 .  Rotational  Energy 

Use  of  fundamental  quantum  mechanical  solutions  to  the  Shrodinger  equa¬ 
tion  results  in  expressions  for  the  energy  levels  of  a  rigid  rotator  as: 


E(K) 


8*  2 1 


K(K  +1) 


(82) 


where  I  is  the  moment  of  inertia  of  the  molecule. 

The  quantum  number,  K,  measures  total  angular  momentum  and  is  (2K  +  1)  - 
fold  degenerate  in  the  absence  of  a  magnetic  field. 

Selection  rules  dictate  that  changes  in  rotation  can  only  be  of  the 
following  kinds: 

K  -  K  +  1  (P  -  branch) 

K  ♦  K  (Q  -  branch) 

K  -  K  -  1  (R  -  branch) 

The  Q  -  branch  will  be  missing  if  the  molecule  has  no  permanent  dipole 

moment  (i.e.,  for  CO2). 


173 


Consider  the  transitions  between  two  different  molecular  states 


ER1 

he  * 

BX  (Kx  +  1) 

eR2 

he  “ 

b2  k2 

(k2  +  1) 

R  - 

branch ; 

:  UR  = 

ER1  -  eR2 
he 

=  (B1  + 

b2)k  +  (Bl  - 

b2)k2 

Q  - 

branch : 

1  WR  = 

eR1  "  eR2 
he 

=  (bl  + 

b2)  (k)  (k  + 

1) 

P  - 

branch : 

1  “r 

Eri  -  er2 
he 

=  -  (bl 

+  B2)K  +  (Bx 

-  b2)k 

where  K  is  the  larger  of  the  two  values  ,  K2  in  each  case. 


(83) 


(84) 


Since  the  quantities  and  B2  refer  to  different  states,  they  may  differ 
considerably.  If  so,  the  quadratic  terms  will  soon  make  themselves  felt.  As 
K  increases,  the  trend  of  u>£  in  one  branch  will  be  to  reverse  or  fold  back  on 
itself.  At  that  point  in  the  spectrum,  the  lines  are  crowded  together  form¬ 
ing  a  "band  head."  A  band  of  this  type  can  be  represented  graphically  by 
means  of  a  FORTRAT  diagram  on  which  each  line  is  represented  by  a  dot.  (See 
Figure  37).  From  available  data,  we  can  determine  the  location  of  the  band 
head,  A^  as  a  function  of  pressure  and  temperature  for  each  band.  Consider 
P-R  branches  with  an  observable  band  head  at  =  Ah • 


A 


A 


where 


IwrI 

2  B  R 


(BL  + 

(b2  - 


4B 

B  =  (Bl  +  6  2 ) / 2 


B2)  K  -  (B2  -  B^K2 


£l> 

2 


(2  B  K)2 


(85) 


If  6  =  2BK,  then: 


A  =  0 


2 

-  c  0 


<a  a  =  0 

@  A  =  Ah 


0=0,  1/c 
0  =  l/2c  ^since 


Then , 

Ah 


i_  _  i_  =  J_ 

2c  4c  4c 


l/(4Ah) 


(86) 


(87) 
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Figure  37 .  Schematic  FORTRAT 


Diagram. 


and  C  is  a  function  of  temperature  and  pressure  to  be  determined  empirically 
from  the  integrated  band  intensity,  “PR. 


or 


all  fa) 

C  =  2B  B  ®pr 


o 


and 


S 

d 


(u  )  dfa) 


—80 

B  apR  9e  d6 


or 


Ah) 


6aPR6e‘6e2 

1  -  |  Ah 


[A«>] 


(97) 


(98) 


For  the  Q-branch: 
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6 .  Spectral  Lines 
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(100) 

(101) 
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The  assumption  of  a  continuous  spectrum,  where  actually  many  discrete 
fine  lines  exist,  gives  a  result  for  the  average  line  intensity  at  a  point, 
which  is  valid  only  if  the  lines  do  not  overlap.  In  practical  application, 
not  only  do  the  lines  overlap  as  functions  of  wavelength  but  any  particular 
line  may  or  may  not  exist  at  a  given  point  as  a  finite  path  is  traversed.  It 
is  necessary,  therefore,  to  examine  the  shape  of  individual  lines,  the  prob¬ 
ability  of  their  existance  along  a  path,  and  the  effect  of  partial  overlapping 
of  the  lines  to  determine  the  actual  transmissivity  along  a  finite  gas  path. 
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Natural  Broadening 


A  single  shift  in  energy  level  results  in  a  single  emission  line.  This 
line  is  not  without  breadth,  however.  The  natural  width  of  a  spectral  line 
is  associated  with  the  Heisenberg  Uncertainty  Principle,  according  to  which: 


AE  At 
u  u 


h 

2ir 


(104) 


where  AEU  and  Atu  denote,  respectively,  the  uncertainty  in  the  upper  level 
from  which  the  transition  occurs  and  the  uncertainty  in  the  time  during 
which  the  upper  state  was  occupied. 

A  similar  lack  of  precision  exists  in  the  definition  of  the  lower  level. 
The  spectral  absorption  coefficient  for  lines  broadened  only  by  natural  un¬ 
certainty  is  given  by: 

S  V1" 

P(|u-uj|)  du  =  7  - "2 - 2  (105) 

(“  “j>  + 

where  Y.,  =  natural  half  width 

N 

S  is  a  measure  of  the  local  absorption 

P  can  be  considered  the  probability  shape  of  the  line  or  spectral 

absorption  coefficient 

Collision  Broadening 

Collision  broadening  introduces  a  shift  in  frequency  caused  by  the  colli¬ 
sion  of  molecules  during  a  transition.  At  very  low  pressures,  the  effect  is 
small.  At  high  pressures  the  natural  broadening  itself  can  be  neglected. 


The  two  effects  can  be  combined  to  yield  an  expression  for  the  spectral 
absorption  coefficient  as: 
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where  Yc ,  the  half-width  due  to  collision  broadening,  normally  varies  lin¬ 
early  with  pressure  and  inversely  with  the  square  root  of  temperature. 


(107) 
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Doppler  Broadening 


Doppler  broadening  results  from  the  effect  of  the  motion  of  the  center 
of  mass  of  a  molecule  on  the  emitted  frequency  during  transition.  The  inclu¬ 
sion  of  this  effect  into  the  relationship  for  the  spectral  absorption  coeffi¬ 
cient  yields  the  following  result  (Reference  28): 
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Equation  (110)  (see  Section  V.C.10)  integrates  to: 


2n+l 


k(|u)-u)u|  ) 


s  a2-e2r  o  ,  2  V"'  u2+a2) 

Tty  e  [coe  2aC  "  7r  2^n»"72n+iT 


where  a  =  (2n+l)  tn 


-1 


n=0 


-  2a£ 


(111) 


or  can  be  integrated  numerically. 

7 .  Effect  of  Line  Structure  Along  a  Path 


Because  of  the  uncertainties  in  the  exact  states  of  the  emitting  and 
absorbing  molecules,  the  rate  of  absorption  of  energy  can  only  be  predicted 
statistically.  Mayer  and  Goody  have  independently  developed  a  statistical 
treatment  to  account  for  the  fine  line  structure  along  a  finite  path. 
(Reference  28)  Assume: 
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"•V  r.y-t 


(1)  Aw  =  nd  =  a  spectral  interval  with  n  lines  of  mean  spacing  d.  (112) 

(2)  P  (S.S^)  =  {(S-S^)  =  probability  that  the  ith  line  will  have  an 

intensity  Si;6  is  the  Dirac  delta  function.  (113) 

(3)  The  absorption  coefficient  for  the  ith  line  is  proportional  to  the 
line  intensity.  kr  =  Ss 

The  fractional  transmission  associated  with  the  rth  line  through  an  optical 
path  X  at  the  wave  number  w  is: 


tr  (u>)  =  exp  (-  /Sr 


sdX) 


(114) 


The  probability  of  having  n  sets  of  lines,  the  rth  of  which  has  an  intensity 
Sr  in  the  wave  interval  dwj....dwn  is 


P  =  n  p(s>  Sr)  dSr  dwr 
r=l 


(115) 


The  mean  fractional  transmission  at  wave  number,  w ,  for  all  possible  lines 
and  all  possible  arrangements  over  the  internal  Aw ,  therefore  is: 
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(116) 


For  a  homogeneous  path,  each  of  the  integrals  in  equation  (116)  is  identical, 
and  the  equation  can  be  simplified  immediately. 


For  a  nonhomogeneous  path,  the  order  of  the  integrals  in  equation  (116) 
is  immaterial.  Therefore,  the  lines  theoretically  can  be  redistributed  to 
form  a  quasi-homogeneous  media  for  which  an  equivalent  value  of  k  S  dX  can  be 
obtained.  Assume  this  has  been  done  and  that  keSedX  is  the  equivalent  value. 

The  probability  also  can  be  redefined  in  terms  of  the  equivalent  para¬ 
meters  as: 


P(Sr,  Se)  =  6(Sr  -  Se) 


(117) 


All  the  integrals  of  equation  (116)  are  not  identical,  and  the  resulting  ex¬ 
pression  for  the  mean  fractional  transmissivity  is: 
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Equations  118  and  119  yield: 
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where:  C  -  (I“-wuI)/Yd 

and  ,  se  =  k(  | w  — <*»u I  )/S 

as  defined  by  equation  (110).  (120) 

Expressing  the  exponential  as  a  summation,  equation  (120)  can  be  written: 
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For  the  special  case  when  a  =  0,  equation  (111)  becomes: 
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and  equation  (121)  becomes: 
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The  values  of  I(n,a)  have  been  evaluated  for  a  >  20.  For  larger  values 
of  a,  Doppler  broadening  can  be  neglected,  and  an  expression  for  the  trans¬ 
missivity  is  given  by: 
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derived  as  follows: 


_  The  probability  that  the  ith  line  will  have  and  equivalent  intensity, 
Se,  is  assumed  to  be  a  Poisson  distribution  function: 
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Substitution  of  this  expression  into  Equation  (93)  yields 
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When  Doppler  broadening  is  negligible  for  absorption  coefficient,  equa¬ 
tion  (106)  can  be  used  and  equation  (128)  becomes: 
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Letting,  a  =  V/^l  +  SeX/i>b 

Equation  (129)  reduces  to  equation  (126) 
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The  Curtis-Godsen  approximation,  formulated  for  nonhomogeneous  atmospheric 
paths,  states  that  transmissivity  along  a  nonhomogeneous  path  can  be  evaluated 
for  an  equivalent  homogeneous  path  with  appropriate  values  for  the  half  width 
ratio,  Y/d,  and  the  line  intensity  ration,  S/D.  Interpreting  Curtis-Godsen 
in  a  broad  sense,  the  equivalent  homogeneous  path  can  be  represented  by  suit¬ 
able  averaged  parameters. 

In  the  preceding  equations,  the  equivalent  parameters  to  be  evaluated 
along  the  nonhomogeneous  path  must  be: 
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from  which 
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8.  Atmospheric  Absorption  (ATMS) 


The  high  temperature  emissions  from  the  gases  in  the  jet  engine  plume 
exits  over  a  broader  wavelength  interval  than  the  lower  temperature  absorp¬ 
tion  bands  of  the  atmosphere.  The  atmospheric  path,  however,  is  usually 
very  long  and  therefore,  the  absorption  of  plume  emission  in  almost  complete 
except  in  the  band  wings.  The  radiation  detected  by  a  missile  falls  almost 
entirely  in  the  wings  of  the  bands. 


The  amount  of  radiation  transmitted  through  the  atmosphere  is  highly 
dependent  on  the  transmissivity  of  both  the  emitting  and  the  absorbing  media. 
For  this  reason,  careful  attention  has  been  given  to  the  atmospheric  absorp¬ 
tion  as  calculated  by  SCORPIO-N  compared  with  the  measured  data. 

In  light  of  the  foregoing  analysis,  an  examination  of  equation  (51)  now 
reveals  that  the  amount  of  radiation  emitted  by  the  jet  plume  and  transmitted 
through  the  atmosphere  is  a  function  of  the  transmissivity  of  the  entire  non- 
homogeneous  path  being  considered  and  cannot  be  segregated  into  the  trans¬ 
missivities  of  the  plume  and  the  atmosphere  taken  separately. 

This  conclusion  is  not  intuitively  obvious  but  is  a  direct  result  of  the 
equations  and  the  fact  that  the  self-attenuation  of  the  plume  alters  the 
probability  distribution  of  the  lines  of  radiations  being  transmitted  to  the 
atmosphere  and,  therefore,  alters  the  rate  of  absorption  by  the  atmosphere. 

9.  Derivation  of  Function  y 


For  the  V2  vibration  of  C02,  we  consider: 
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(for  which  the  first  two  terms  are  accurate  and  the  remainder  are  only  approxi¬ 
mate)  . 

Then: 
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10 .  Evaluation  of  Lines  with  Combined  Doppler,  Natural,  and  Collision 
Broadening 


The  expression  for  the  line  shape,  P,  is  given  from  equation  110  by: 
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In  terms  of  partial  fractions,  equation  (139)  becomes: 
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Equation  (148)  is  valuable  for  evaluating  ?/p'  for  small  values  of  a 
tion  (139)  can  be  integrated  numerically  for  large  values  of  a. 

Using  Simpson's  Rule: 
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For  large  values  of  SX: 
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Since  s  decreases  rapidly  with  £ ,  the  value  of 
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1  for  SsX  <  <1. 


For  large  values  of  A,  the  summation  of  equation  (148)  will  not  converge. 
In  this  case,  consider  the  function: 
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where  s  decreases  as  5  increases. 


For  small  values  SsX,  F  (O  “  1 
For  large  values  of  SsX,  F  (£)  =>  0 

For  large  values  of  SX,  F  ($)  approaches  at  step  function  C  of  the  form. 
F(C )  =  1  for  SsX  <  1 
F(0  =  0  for  SsX  >  1 


From  equation 
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5  can  be  evaluated  for  the  extreme  values  of  a. 
o 

1 1 .  Summary  of  Gaseous  Emission  Theory 

An  expression  for  transmissivity  in  the  infrared  has  been  derived  from 
fundamental  relationships  which  includes  the  effects  of: 

(1)  nonhomogeneity 

(2)  line  structure  along  a  path 

(3)  partial  overlapping  of  lines 

(4)  line-broadening  effects 

(5)  natural,  collision,  and  Doppler  broadening. 

The  relationships  derived  from  the  theory  and  used  in  the  subroutine  are 
listed  below: 


(1)  The  transfer  equation  along  a  ray, 


JA  51  J\0  T(L>  +  NXn  ( t(L-xn+)  -  t(L  -  xn_)] 
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(2)  Planck's  Black  Body  Law, 

N\  =  2irhc2/x5/(ehc/*Tn-l) 

n 

(3)  Mean  Transmissivity 


W.'fe).-©' 


(4)  Optical  Path  Length, 

X  ■  f cpdX  =  integral  of  the  density-concentration  product 
along  a  path. 

(5)  Equivalent  Line  Parameters  for  a  nonhomogeneous  path: 


are  evaluated  by  equations  (130)  through  (133) 

(6)  Half  width  to  spacing  adjustment  for  partially  overlapped  lines: 
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where , 


C(u,6)  is  defined  by  equation  (71) 


(7)  The  local  line-intensity-to-spacing  ratio 
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Certain  of  the  parameters  in  the  preceding  relationships  are  not  cur¬ 
rently  known.  Ah,  6^,  &2>  and  T/d  involved  in  equations  (98)  and  (103)  may 


_ 


■ 


be  functions  of  temperature,  pressure,  or  band  center  and  are  determined  by 
fitting  the  theoretical  values  of  CO2  and  H2O  with  selected  measured  values 
are  shown  in  Figures  38  through  47. 

The  model  has  been  compared  with  data  Simmons  (Reference  29)  for  non- 
homogeneous  paths  through  H2O  and  CO2  in  the  2.7  range  in  Figures  43a  45b  and 
46. 
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Emissivity 


T  =  1000 "  It 
L  =  0.77  ft 

V  P  =  0.6  atm  XH  =  1.0 

P  =  1.1  atm  XH  =  0.1  (Reference  31) 


Calculated 


Wave  Number  (cm-*) 


Figure  39.  Emissivity  of  H  O,  2.7|j  Band  for  T  =  1000°  R. 
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Emissivity 
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T  =  2000°  R 


L  =  0.77  ft 

V  P  =  °*6  atm  XH  =  1.0 

P  =  1.1  atm  XH  =  0.1  (Reference  31) 


Wave  Number  (cm-*) 


Figure  40.  Emissivity  of  H  O,  2.7|i  Band  for  T  =  2000°  R. 
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T  =  2160°  R 
L  =  7.75  cm 
P  =  1.0  atm 


100%  CO. 


Figure  41.  Emissivity  of  CX>2,  4.3u  Band,  P  =  1.0  Atms 


T  =  2160°  R 


Wave  Number  (cm-^) 


Figure  42.  Emissivity  of  CC>2,  4.3p,  Band,  P  =  0.06  Atm. 
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Emissivity 


Figure  43.  Emissivity  of  H2O,  6.3m  Band. 
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Aerosol  Particle  Cloud 


D.  PARTICULATE  ATTENUATION 

1 .  Attenuation  by  a  Single  Particle 

General  equations  for  calculating  the  attenuation  of  radiation  by  a  cloud 
of  particles  are  available  and  are  described  in  detail  in  References  34  and  35. 
In  the  following  sections,  these  equations  will  be  developed  for  the  particu¬ 
lar  problem  of  calculating  the  emission/absorption  due  to  the  presence  of  aero¬ 
sol  particles  in  the  plume  of  a  jet  engine. 

In  order  to  develop  the  equations  for  calculating  the  1R  suppression  due 
to  aerosol  particles  distributed  at  varying  concentration  levels  throughout 
the  engine  plume,  the  equations  describing  the  attenuation  of  radiation  by  a 
single  aerosol  particle  must  be  described  first. 

The  interaction  of  a  particle  with  radiation  incident  on  it  depends  on 
several  dimensionless  quantities.  These  include: 

1.  The  complex  index  of  refraction  n'  of  the  particle  [n1  *  n(l-ik)] 
which  varies  with  the  wavelength  of  the  incoming  radiation  and  the 
type  of  particle. 

2.  The  ratio  of  the  characteristic  particle  dimension  to  wavelength 
of  the  incoming  radiation  (defined  as  2irR/X  for  a  spherical  par¬ 
ticle,  where  R  is  the  radius  of  the  particle). 

3.  The  particle  shape. 

Given  these  properties,  Maxwell's  equations  can  be  solved  to  determine 
the  interaction  between  the  particle  and  the  incoming  radiation.  The  solu¬ 
tion  of  Maxwell's  equations  for  a  spherical  particle,  which  was  obtained  by 
Mie  in  1908,  may  be  used.  The  equations  which  result  from  this  solution  for 
a  sphere  are  referred  to  as  the  Mie  equations. 

From  the  Mie  equations,  the  extinction  efficiency,  X-p,  the  absorption 
efficiency,  X^,  and  the  scatter  efficiency,  Xg,  can  be  calculated  for  a 
given  particle  type  and  size  for  a  particular  wavelength  of  the  radiation 
incident  on  the  particle.  These  dimensionless  quantities  can  be  defined  as 
follows,  utilizing  Figure  47.  A  collimated  beam  having  a  wavelength  and 
intensity  I  traverses  a  cylindrical  cloud  of  identical  particles,  and  the 
beam  is  attenuated  partly  due  to  absorption  by  the  particles  and  partly  due 
to  any  deflections  of  the  beam  from  the  direction  of  propagation  of  the  beam 
(particle  scattering).  After  passing  through  a  differential  element  of  the 
cloud  of  particles  of  length  dL  (see  Figure  47a),  the  intensity  of  the  beam 
is  reduced  by  dl.  Now  the  fractional  decrease  in  intensity  of  the  beam  over 
small  distances  is  proportional  to  the  distance,  or: 


dJ 

J 


KdL 


(156) 
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where  K  is  the  proportionality  constant. 


Referring  to  Figure  47b,  equation  (156)  can  be  integrated  over  the  total 
length  of  the  particle  cloud.  The  results  is: 

J  =■  J0e“KL  (157) 

The  proportionality  constant  in  the  absence  of  scatter  is  the  absorption 
coefficient,  KA;  in  the  presence  of  absorption,  it  is  the  scatter  coeffi¬ 
cient,  Kg;  and,  in  the  presence  of  both  particle  absorption  and  scattering, 
it  is  the  total  attenuation  or  extinction  coefficient,  Kj,  which  is  equal 
to  the  sum  of  KA  and  Kg. 

Kt  =  Ka  +  Kg  (158) 


If  the  coefficients  Kf,  KA  and  Kg  are  divided  by  the  number  of  particles 
per  unit  volume  (concentration)  in  the  particle  cloud,  the  resulting  areas  are 
defined  as  the  particle  cross  section  C-j,  CA,  and  Cg.  The  ratios  of  Cf,  CA, 
and  Cg  to  the  geometrical  cross  section  of  the  particle  (irR2  for  a  spherical 
particle)  are  defined  as  the  extinction  efficiency  Xf,  the  absorption  effi¬ 
ciency  XA,  and  the  scattering  efficiency  Xg,  respectively.  Therefore, 


Xf  -  Kf / (cone ) /(uR2 ) 

(159) 

XA  =  KA/(conc)/(nR2) 

(160) 

Xg  =  Kg/  (cone)/ (irR2) 

(161) 

The  Mie  equations,  which  can  be  used  to  calculate  the  values  of  Xj,  XA, 
and  Xg  for  a  spherical  particle,  can  be  summarized  as  follows: 

Applicable  terms  used  in  the  Mie  equations  are  defined  below: 

n'  =  complex  index  refraction 

X  =  size  parameter  (X  =  2*R/x) 

Y  =  n'X 

The  equations  for  the  extinction  efficiency,  absorption  efficiency,  and 
the  scattering  efficiency  then  can  be  written  as  follows: 


XT 


(2m  +  1)  Real  (a,,,  +  bm) 


(162) 
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^2  ^  ]  (2m  +  ('anJ2  +  lbm^2) 


(163) 


XA  =  XT  -  Xs 


where  aIn  and  bm  (the  amplitude  functions)  are  given  by: 


S'm(Y)Sm(X)-n'S'm(X)Sin(Y) 


(164) 


n,S,m(Y)Sm(X)-S,m(X)Snl(Y) 


(165) 


where  Sm(Z)  and  ^m(Z)  are  defined  as: 


t  7  1/2 


Sm(Z)  =  J  (Z) 

2  m+1/2 


(166) 


♦m(z)  -  sm(z)  +  i  cm(z) 


(167) 


w  7  1/2 


CjZ)  =  (-1)™  —  J  (Z) 

^  m  —  1 


-m-1/2 


(168) 


Here  Jm+l/2  and  d-m-l/2  are  Bessel  functions  of  the  positive  and  negative 
half-orders.  The  partial  differentials  s'm(Z)  and  ^'m(Z)  are  defined  as: 


3g 

S'(Z)  «  -jf* 


(169) 


3$ 

♦'m(Z)  =  -jr* 


(170) 


When  the  particle  is  small  enough  that  the  maximum  particle  dimension  is 
less  than  0.2  wavelength,  measured  in  the  particle  (2R  0.2  Vn),  the  Mie 

equations  reduce  to  the  following  simplified  equations: 


24n2KX 

"  "  [n2(l-K2)+2]2+4nV 


(171) 
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and 


*S 


8  4  ([n2(l-k2)-l] [n2(l-K2)+2]+4n4K2}2+36n4K2 

3  ([n2(l-K2)+2]2+4nV>2 


(172) 


In  order  to  determine  how  the  quantities  Xp,  Xg,  and  X^  vary  with  par¬ 
ticle  size,  the  Mie  scattering  equations  were  solved  for  graphite  which  has 
an  index  of  refraction  of  n'  =  2(1-0. 6i).  The  variation  of  the  extinction 
coefficient  as  a  function  of  the  size  parameter  X  is  plotted  in  Figure  48. 
The  extinction  coefficient  varies  approximately  linearly  up  to  the  small 
particle  limit,  Xj,  (defined  previously)  which  for  n  =  2  is  just: 


X4 


2*R  0.2* 


0.2* 

2 


0.314 


(173) 


After  the  small  particle  limit,  the  extinction  efficiency,  Xp,  rises  to 
a  maximum  at  approximately  X  =  1.0,  and  then  Xp  asymptotically  approaches  a 
value  of  Xp  *  2  at  large  values  of  the  size  parameter. 

In  Figure  48,  the  ratio  of  Xg/X^  is  plotted  as  a  function  of  the  size 
parameter  X.  It  can  be  concluded,  that,  when  the  size  parameter  X  is  less 
than  the  small  particle  limit  Xt  =  0.314,  scattering  is  negligible  and  the 
extinction  coefficient  is  due  only  to  particle  absorption.  However,  as  X 
increases  past  this  value,  Xg  becomes  increasingly  important  in  the  value  of 
the  total  extinction.  It  is  important  to  note  that  the  values  of  Xp,  X^  and 
Xg  vary  significantly  with  the  particle  size  and  the  wavelength  of  the  radia¬ 
tion  incident  on  the  particle. 

Also,  from  equation  (171)  and  (172),  it  can  be  seen  that  the  extinction 
coefficient  will  vary  markedly  with  the  complex  index  of  refraction  n'  =  n  * 

( 1 — i K ) .  The  complex  index  of  radiation  varies  widely  for  different  materials 
and,  for  a  given  material,  it  also  can  vary  significantly  with  the  wavelength 
of  the  incoming  radiation.  In  Reference  36,  the  complex  index  of  refraction 
for  various  carbonaceous  materials  was  shown  to  vary  significantly  with  the 
wavelength  of  the  incoming  radiation.  Figure  49  shows  that  the  index  of  re¬ 
fraction  for  carbonaceous  materials  also  can  vary  significantly  with  wave¬ 
length  . 

2 .  Attenuation  by  a  Cloud  of  Particles 

In  the  previous  section,  the  equations  required  to  calculate  the  values 
of  Xp,  Xg,  and  X^,  given  the  properties  of  the  particle  (radius,  index  of 
refraction)  and  the  wavelength  of  the  incident  radiation,  were  determined. 

In  this  section,  these  equations  will  be  extended  to  determine  the  attenua- 
ation  of  a  beam  of  radiation  through  a  cloud  of  aerosol  particles  with  a  given 
size  distribution. 

Referring  to  Figure  50,  consider  a  beam  of  radiation  (ray)  of  intensity, 
J,  passing  normal  to  the  surface  element,  dA,  and  traversing  a  distance,  dt. 
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This  volume  contains  particles  at  a  temperature,  T,  which  are  emitting  black- 
body  radiation  with  an  intensity,  Ig.  The  contributions  of  various  factors 
to  the  change  in  intensity  of  the  beam  are: 


-  KAJdt  due  to  absorption 

+  KAJgdt  due  to  the  blackbody  emission  of  the  particles  at  T 

-  KgJdt  due  to  out-scatter 
plus  a  term  due  to  in-scatter. 

The  in-scatter  term  takes  into  account  the  case  where  a  ray  which  is 
traveling  in  a  different  direction  than  the  incident  ray  strikes  a  particle 
and  is  scattered  in  the  direction  of  the  incident  ray.  This  term  can  only  be 
included  in  the  analytical  model  for  a  Monte-Car lo-type  analysis.  Therefore, 
this  term  is  not  included  in  the  equations  for  this  analytical  model.  There 
are  situations  in  which  this  neglected  term  may  induce  significant  errors  in 
the  analysis.  Now,  summation  of  the  above  terms  (neglecting  in-scatter) 
yields : 

XT  =  “(KA  +  KS>J  +  KAjB  (174) 


or 


dJ 

dl 


KjJ  +  K^Jg 


(175) 


Expressions  for  and  KA  now  must  be  developed  from  the  definition 
of  these  quantities  given  previously.  Since  these  quantities  vary  with  the 
wavelength  of  the  ray,  the  subscript  x  must  be  added  to  the  terms: 


<-«2>  <V 

and 

%  ■  (*£1=“)  <*«2>  <V 


(176) 


(177) 


Of  course,  X^  and  XA^  can  be  determined  from  the  Mie  equations  for  any 
given  particle  size,  wavelength,  and  particle  index  refraction  at  that  wave¬ 
length.  The  concentration  of  particles  per  unit  volume  is  a  quantity  which 
must  be  determined  for  any  given  problem.  For  a  given  particle  size  distri¬ 
bution  in  the  cloud  of  particles,  the  quantities  Kf  and  KA  can  be  determined 
by  summing  overall  particle  sizes.  Where  "Fi"  is  defined  as  the  fraction  of 
the  total  weight  of  aerosol  having  a  given  particle  size: 
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(178) 


"Tx  -2  (J®Si“)  <,Rll)  ‘Vl 

i  = 

all  particle  sizes 

and 

%  (“SiH  <-*t2>  <Vi  ** 

i  = 

all  particle  sizes 

Therefore,  equation  (175)  now  becomes: 


i 


(180) 


This  equation  then  represents  the  change  in  intensity  dJx,  of  a  ray 
having  a  wavelength  X  over  a  differential  length  di.  due  to  aerosol  particles 
of  various  sizes  dispersed  over  the  volume  shown  in  Figure  50. 


Since  the  particles  are  dispersed  in  the  engine  exhaust  plume,  where 
significant  concentrations  of  CO2  and  H2O  are  present,  terms  for  absorption 
of  the  incident  ray  by  these  gaes  and  the  contributions  of  the  blackbody  emis¬ 
sion  of  these  particles  to  the  incident  ray  from  equation  (55)  must  be  inclu¬ 
ded  in  equation  (180)  prior  to  integration. 


When  both  particles  and  gases  are  present  in  a  ray  segment,  the  radia¬ 
tion  balance  becomes: 


dJ>  +  kxJ\dx  +  Kq^Jxdx  =  kxBxdx  +  Bx  dx  (181) 

It  should  be  noted  that  Bx  for  the  gas  and  the  aerosol  have  been  set 
equal  to  each  other  in  this  equation.  This  was  done  because  it  is  assumed 
that  the  temperature  of  the  gas  and  the  aerosol  will  be  equal  in  a  ray  seg¬ 
ment.  Equation  (181)  also  can  be  written  as: 


/ 


L(kx+Kjx  )dx 


Jxe 


k»  ,K»>  ,  . 

kX+KTX  X 


/*  (kx+KTX)dx 

o 

e 


(182) 


Now,  since  it  is  assumed  that  the  ray  shown  in  Figure  51  can  be  repre¬ 
sented  by  small  homogeneous  segments,  the  total  integration  over  the  ray  then 
can  be  evaluated  properly  as  a  summation: 
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Figure  51.  Schematic  Damonstrating  the  Computational  Technique 
Used  in  PLUMIR. 


V 


JXe  0 


JX(kx+KTx)dx 


k  +Ka 

Xn  Axn 


k, n+K-r 

Xn  1  Xn 


’Xn 


/  X0<x+KTx)dx 


(183) 


c 


where  B\n  has  been  assumed  constant  from  Xn  to  Xn. 
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1 


kt> 


£  (£WT^r1)  *'i2  X 


all  particle  sizes 


(178) 


ka* 


particles 

volume 


i  *=  all  particle  sizes 


(179) 


Given  the  particle  size  distribution  of  the  aerosol,  the  complex  index  of 
refraction  of  the  aerosol,  and  the  concentration  of  the  aerosol  in  the  plume, 
the  quantities  of  Kf  and  can  be  calculated.  The  aerosol  size  distribu¬ 
tion  and  the  complex  index  of  refraction  of  the  aerosol  are  quantities  peculiar 
to  the  particles  selected  and  must  be  directly  input  into  the  SCORPIO-N  com¬ 
puter  program.  As  to  the  determination  of  the  aersol  concentration  in  parti¬ 
cles/volume  for  any  ray  segment,  the  program  calculates  the  aerosol  concentra¬ 
tion  at  all  locations  in  the  engine  plume  using  an  option  in  the  JETMIX  module 
which  allows  for  the  calculation  of  the  concentration  of  all  constituents  of 
the  plume,  given  the  conditions  at  the  jet  engine  nozzle  exit.  The  use  of 
this  option  to  calculate  the  concentrations  is  described  in  Section  III.E. 


particles /volume 


(187) 


where  Ma 

Po 


R 


Pa 


mole  fraction  of  the  particles  in  a  ray  segment 
static  pressure  of  the  external  flow 
gas  constant 

volume  of  a  single  particle  with  a  radius  R 
density  of  the  particle  material  (lb/ft^) 


Putting  this  expression  for  the  particle  concentration  into  equation 
(178)  yields: 


kTx 


£ 

particle 

sizes 


WT 


Pa 


FiirRi2XT 


(188) 
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2  M*  (rt) 

i.  /4  _  3\ 

article  l3ffKi  I 

sizes  '  ' 


Fi  Rf^X^ 


(189) 


These  equations  can  be  simplified  to  yield: 


■m. (fr)  "T  E 


XT  . 
F-  lXi 


Pa  f  -*} 


(190) 


3  I  particle 
'  sizes 


M_\  RT 


Pa  /  -i 


Mh  E 

f~A  i 

13/  parti< 
'  '  size: 


F{  Xi 
Ri 


(191) 
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SECTION  VI 


TOTAL  SPECTRAL  INTENSITY  ( TOTAL R) 


A.  General  Discussion 

The  module,  TOTALR,  uses  the  output  from  other  modules  to  determine  the 
combined  target  spectral  radiant  intensity  at  various  observer  locations. 

The  output  being  used  from  SIGNIR,  for  internal  engine  hot  parts  consists 
of 

Ry^.  the  radiation  coefficients  for  each  combination  of  nodes  for  speci- 
J  fied  wavelengths 

Ag^  the  projected  area  of  each  node  at  each  viewing  angle,  a,  (in. 2) 

T^  the  temperature  of  each  node,  i,  (*  R) 

The  output  from  PLUMIR  for  the  plume  and  atmosphere  is  given  for  each 
position  (viewing  angle  and  distance). 

Jpyr  the  spectral  radiant  intensity  per  steradian  for  each  ray,  r 

SJr  the  steradians  associated  with  each  ray 

Tapr  the  transmissivity  through  the  plume  and  the  atmosphere  for 
each  ray 

The  output  of  AMFM  consists  of 

Ap  the  projected  area  of  each  facet  for  each  function  of  wavelength 
viewing  angle,  in. 2 

e^F  surface  emissivity  of  each  facet  as  a  function  of  wavelength  and 
viewing  angle 

Tp  temperature  of  each  facet,  *  R 
and  three  tables  for  each  aspect  angle  containing  the  following  lists 

1.  facets  to  be  attenuated  by  atmosphere  only 

2.  F^p  facets  to  be  attenuated  by  plume  and  atmosphere 

3.  Fg  facets  that  block  the  plume  from  view 


The  total  spectral  intensity  at  an  observer  location  from  the  target  is 
then  given  by 
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where 


+  E  exF  aF  NXF  TaPx  +  E  e\F  AF  NXp  tax 

1aP  *AA 


X  =*  wavelength,  microns 
T^  =  temperature,  *  R 

ig  =  all  plume  rays  not  blocked  from  view  by  the  facets  in  table  FB 
i,j  ■  all  nodes  internal  to  the  engine 

^AP»  i-AA  m  aH  facets  listed  in  tables  FAP  and  FAA,  respectively. 

NXk  is  the  blackbody  spectral  radiance  emitted  by  a  surface  at  tempera¬ 
ture,  Tk 


76805.4 


25884.0 

XT 


watts/sr/y/in. ^ 

TapX  is  the  transmissivity  through  the  plume  for  each  ray. 

Ta  is  the  transmissivity  through  the  atmosphere. 

The  viewing  angle  and  distance  are  measured  from  the  center  of  the  nozzle 
exhaust . 

In  addition,  the  total  target  graybody  area,  AOD,  is  summed  for  each 
aspect  angle: 


AOD 


E  *f*E 

XAP  XAA 


AF  +  E 

i 


B.  Blockage  for  Plume-Airframe  Calculations  (SUMA,  TRANS) 

The  facets  prescribed  by  the  AMFM  module  which  interact  with  the  plume 
are  defined  by  four  coplanar  vertices. 

The  plume  is  subdivided  into  five  strips  defined  by  the  strip  center- 
lines  : 


Z  =  -Z2,  “Z^,  0,  Zlt  Z2 

as  used  in  the  PLUMIR  module  and  shown  in  Figure  52.  Z  is  normal  to  the 
viewing  direction  and  X  is  along  the  flow  axis. 
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The  fac<"t  being  considered  is  projected  from  the  observer  onto  the  x-z 
plane.  The  interaction  of  the  plume  and  a  facet  is  pictured  schematically  in 
Figure  52. 


Figure  52.  Schematic  of  Plume  Strips  With  Projection  of  Quadrilateral 
Onto  Plane  Normal  to  Observer. 


For  each  of  the  centerlines  and  for  each  facet  the  minimum  and  maximum 
values  of  X  (XMIN(L)  and  XMAX(L))  are  calculated  for  which  plume  emissions 
are  to  be  excluded  or  plume  transmissivity  is  to  be  included.  These  areas 
included  in  the  calculations  are  represented  by  the  shaded  areas  in  Figure 
52. 

The  remaining  calculation  procedure  is  straightforward. 

C .  Blockage  of  Internal  Engine  Emissions  (ENGOBS) 

To  compute  the  effect  of  engine  obstructions: 
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1.  Project  the  obstructions  onto  the  Y-Z  plane  of  the  exhaust  system. 


Y 


<V  V  0> 

Figure  53.  Projection  of  Quadrilateral  Onto  X  =  0  Plane. 


^oj  “  ^oj  -  Xv  (i  =  1,4) 

Assume  projected  node  area  of  internal  engine  component,  a£,  is  the 
visible  part  of  a  thin  ring  with  radius  R{  and  axial  location  Xj .  Project 
the  ring  on  the  nozzle  exit  plane  (as  a  circule  with  center  at  Yc  and  radius 
Rc). 


Y 


<V  V  0) 


Figure  54.  Projection  of  Node  Area  Onto  X  =  0  Plane. 


Portion  of  Component 
Mid-Circle 


Subdivide  the  arc  angle  into  40  sectors  of  size,  da  *  (»-2ao)/40  giving 
n  central  angles: 


Figure  56.  Determination  of  Blockage  of  a  Ring  Segment. 


For  each  angle  an,  locate  the  center  of  the  arc  Yt  =  Rc  sin  an  ♦  Yc 
Zt  “  Rc  cos  an  (Figure  86). 

For  each  side  of  the  facet,  if  the  point  Z(Yt)  on  the  line  lies  on  the 
segment  of  the  facet;  store  the  value  as  ZX(m).  This  will  yield  either  no 
values  of  ZX  in  which  case  the  point  is  not  obscured  or  2  values  of  ZX.  If 
Zt  does  not  lie  between  the  two  values  of  ZX,  the  point  is  also  not  obscured 
If  the  point  is  not  obscured  by  any  facet,  that  portion  of  the  arc  is  in¬ 
cluded  in  the  calculation. 


SECTION  VII 


1 


LOCK-ON  RANGE 


A.  Discussion 

The  lock-on  range  for  a  particular  missile  is  determined  for  each 
aspect  angle  as  follows: 


The  total  target  spectral  radiafct  intensity,  JxOTX>  is  available  at  a 
number  of  distances,  DK,  from  the  target.  The  net  target  signal-to-noise 
ratio  is  given  by 


•^11 


(JTOTX  ~  a0D  NBx)  GXdA 


D 


K 


NEI 


(1) 


where 


Aqq  is  the  target  graybody  area 

Ng^  is  background  radiance 

is  the  missile  spectral  sensitivity 

NEI  is  the  noise-equivalent  input  of  the  missile. 

There  must  be  at  least  two  values  for  lock-on  range  to  be  calculated. 

The  signal-to-noise  ratio,  S^,  is  assumed  to  vary  with  distances  Dr  in  a 
logarithmic  quadratic  relationship: 

in  dK  -  a  (In  SK)2  +  b(ln  SK)  +  c  (2) 

The  coefficients  a,  b,  and  c  are  evaluated  from  three  valus  of  Sr  which 
span,  if  possible,  the  known  S/N  for  lock-on. 

If  only  two  values  of  Sj(  are  available,  a  linear  logarithmic  relation¬ 
ship  is  assumed. 

In  Dj^  “  a(  In  Sj^)  +  b  (3) 

There  must  be  least  two  values  for  lock-on  range  to  be  calculated. 

The  background  radianes  are  provided  internally  in  table  form.  Spectral 
plots  of  these  backgounds  are  provided  in  Appendix  A. 
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DATE:  APRIL  21.  1t69.  TIME:  1056 
SITE  LOCATION.  BLUE  RIDGE.  CALIF 
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OATE:  APRIL  21,  IBM.  TIME:  1130 
SITE  LOCATION:  BLUE  RIDGE,  CALIF 
SITE  ELEVATION:  7386  FEET 
SITE  TEMP:  64®F,  R.H.:  35% 

OBJECT  EL  ANGLE:  418°. 
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DATE:  APRIL  21.  1969,  TIME:  1155 
SITE  LOCATION:  BLUE  RIDGE.  CALIF. 
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DATE:  APRIL  24,  1968,  TIME:  1401 
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LOCATION:  BLUE  RIDGE.  CALIF 
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LOCATION.  BLUE  RlOGE 
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DATE:  JUNE  IS,  1970 
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LOCATION:  BLUK  RlOGE,  CALIF 
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LOCATION:  BLUE  RIDGE.  CALIF 
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